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Abstract

Many tasks are subject to failure before completion. Two of the
most common failure recovery strategies are restart and
checkpointing. Under restart, once a failure occurs, it is restarted
from the beginning. Under checkpointing, the task is resumed from
the preceding checkpoint after the failure. We study asymptotic effi-
ciency of restart for an infinite sequence of tasks, whose sizes form a
stationary sequence. We define asymptotic efficiency as the limit of the
ratio of the total time to completion in the absence of failures over the
total time to completion when failures take place. Whether the asymp-
totic efficiency is positive or not depends on the comparison of the tail
of the distributions of the task size and the random variables governing
failures. Our framework allows for variations in the failure rates and
dependencies between task sizes. We also study a similar notion of
asymptotic efficiency for checkpointing when the task is infinite a.s.
and the inter-checkpoint times are i.i.d.. Moreover, in checkpointing,
when the failures are exponentially distributed, we prove the existence
of an infinite sequence of universal checkpoints, which are always used
whenever the system starts from any checkpoint that precedes them.

Key words: restart, checkpointing, failure recovery, dynamical systems,
point process, point-shift.
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Introduction

In many situations, such as the execution of a computer program, the copy
of a file from a remote location using a protocol such as FTP or HTTP,
channel reservation in cognitive radio networks and others, tasks are subject
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to failures. Restart and checkpointing are two of the most common ways
to take into account failures in these context (see, among others, [15],[17],
and [8]).

In restart, whenever a failure occurs, as the name suggests, the task
is restarted. Accordingly, the actual time for completion is possibly larger
than the ideal time. The latter is defined as the time for completion without
failures. In checkpointing, the task is partitioned: when a failure occurs,
it is resumed from the last element of the partition before the failure.

Here is a basic description of restart. Let D be the ideal task time.
If no failure occurs, the actual time to complete the task is just D. If a
failure occurs at Ly < D, the task is restarted. Suppose there are v > 0
failures before the task is completed. Then the actual time is given by 7% =
>i_o Li + D. Failures are modeled by a sequence of i.i.d. random variables
{Ln}n>0, named failure times. The one-task restart model is studied in
[2] and [4] for a random variable D with unbounded support (see Figure 1).
Section 1 introduces the formalism for the one-task restart model.

In the one-task case, the actual time, 7%, may be heavy-tailed, even
when the ideal time and the failure time have light tails. Moreover, the
actual task time may have infinite expectations, even if both D and Ly do
not, depending on the comparison of the tail distributions of D and Lg [2].

We extend the literature on restart by considering an infinite sequence
of tasks, { Dy, }n>0, introducing the concept of asymptotic efficiency. Let T2
be the actual time of task n. We define asymptotic efficiency as

Zi\fz—ol D n (0 1)
N—o0 Zg:_ol T 7 .
whenever the limit exists a.s.. The system is inefficient when e = 0.

In this sequential restart model, the ideal times is given by the distance
between points of a simple stationary point process in R. Such a point
process can be seen as a random discrete sequence of distinct elements on
R, { X, }nez, such that X,, < X,,4+1 for all n. The sequence of tasks sizes is
given by Dy = X1 — Xg, D1 = X2 — X7 and so on. We mark the point X,
with an i.i.d. sequence, { L, ;};>1, capturing the failure times of the n'"-task.
We present the point process setting for modeling task sizes and failures in
Section 2.

We prove that asymptotic efficiency exists when the point process is
stationary, the failure sequence {L;, ;};>1 is independent of D,,, and under
some integrability conditions. We do not require the sequence {D), }n>0 to
be i.i.d.. In fact, our set-up allows for variations in the failure rates and
dependencies between task sizes.



Moreover, we give conditions under which the asymptotic efficiency is
positive or zero. T'wo special cases are considered: Markov renewal process,
and the case in which there is a chance that tasks need to be repeated after
completion (Section 5).

The checkpointing model can be described as follows [3]. Again, we
have a random a task D of random length with infinite support, but finite
a.s.. We partition [0, D] into k intervals and label the endpoint of the [**
interval by X!. We call {X l}fz_ll the set of checkpoints. Once a check-
point is reached and a failure occurs, the task is resumed from the latest
checkpoint before the failure. More precisely, if a failure occurs before the
first checkpoint, i.e., L1 < X', the task is resumed from the beginning. If
L1 > D, i.e., there are no failures, the actual time to completion is simply
D. Otherwise, if X' < L; < D, we check the partition in which L falls.
If X! < L' < X1 the task is resumed from X! and the time spent so far
is L1. In that case, we start the clock again, representing it by the random
variable Ly. If Ly < X1 — Xl, the task does not leave the checkpoint Xt
Otherwise, we verify which checkpoint was reached or whether the task was
completed. We repeat this procedure until the task is completed. Assume
that there are 7 > 0 failures until completion. Then, the actual time is given
by T¢ =357, Li + (D — X,), where a € {1,...,k} is the last checkpoint
visited (see Figure 2).

Regarding the sequential checkpointing considered here, we define and
study a notion of asymptotic efficiency, in a similar way to (0.1). We consider
a unique task, which is a.s. infinite, and the distances between checkpoints
are given by the inter-arrivals of a point process. We give the precise def-
inition of asymptotic efficiency for checkpointing in Section 2. We give
a general condition for the existence of the asymptotic efficiency when the
point process is a marked renewal process.

Moreover, in the renewal process model with exponentially distributed
failure times, we show the existence of an infinite subsequence of universal
checkpoints. If we start the system at any checkpoint preceding a universal
checkpoint, the system will activate the latter a.s..

Section 1 reviews the actual time for one-task restart and
checkpointing, and gives the conditions under which the actual time has
finite moments. Section 2 presents a unified framework to study the asymp-
totic efficiency for both sequential restart and checkpointing. Section 3
presents our main results for sequential restart. Section 4 does the same
for sequential checkpointing. Section 5 discusses some extensions. The
appendix contains a technical proof.
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Figure 1: An instance of restart. The task size is D. Five attempts take
place before the task is completed, i.e., v = 5. The time spent on each
attempt is given by L1, ..., Ls. In the sixth attempt the task is completed.
The actual time spent on completing the task is then 77 = Z?:l L;+ D.
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Figure 2: An instance of checkpointing. There is one failure before the
first checkpoint, the second failure takes place after the third checkpoint
and two more failures happen before the last checkpoint is surpassed. The
actual time till completion is given by TC¢ = Z?Zl L; + (D — X3).



1 One task restart and checkpointing

In this section we recall known results on how to compute the actual time for
restart and checkpointing with one task. The main result, which was ob-
tained in [2], [4], and [5], is that the actual restart and checkpointing times
have an infinite expectation if and only if the task size D has a tail heavier
than Lg, the variable that captures failures. We build on this result in our
study of the asymptotic efficiency in the next section.

Let D be a random variable in R which represents the ideal task time
in both the restart model or the time up to the first checkpoint under
the checkpointing model. Consider a sequence of i.i.d. random variables
{Ln}n>0 defined on the same probability space (2, F,P) as D. Define

T=inf{k >0: Ly > D}.

The actual time taken to complete the task D under restart is given
by

T7—1
TR =Y "L+ D,
=0

and the actual time the system takes to pass the first checkpoint is

TC = i:L
=0

Assumption 1. D and L are integrable and independent random variables
with right-unbounded support, i.e, P[D > x],P[Lo > x] > 0 for all x € [0, c0).

Definition 1. Let V and W be random variables with right-unbounded
support, defined on the same probability space (£, F,P). We say then that V'
has a P—tail heavier than W if there exists zg such that P[V > z] > P[W > ]
for all z > z.

Theorem 2. Under Assumption 1,

A
and
E[TC] = E[L] /0 h ]P’[L01>z] Fo(d2),

where fp is the distribution of D. Moreover, E[TF], E[T¢] = oo if and only
if D has a P—tail heavier than L.



The proof is adapted from [3] and can be found in Appendix A.

As an application of Theorem 2, suppose Lo ~ exp();) and D ~ exp(Ag).
Then E[T®], E[TC] = oo if and only if \; > 4.

A random variable Z is said to be heavy-tailed if for all v > 0,

lim e"'P[Z > t] = oo,
t—r00

and light-tailed if there exists 7 > 0 such that the above limit is finite. By
direct manipulations, one gets the following corollary of Theorem 2.

Corollary 3. Under Assumption 1:
1. If D is heavy-tailed and Lg is light-tailed, E[T“], E[T%] = oo;

2. If L is heavy-tailed and D is light-tailed, E[T¢], E[T*] < cc.

2 Sequential restart and checkpointing

The goal of this section is to define the asymptotic efficiency under
restart (resp. checkpointing) when there is a sequence of tasks (resp.
a sequence of checkpoints) whose ideal times to completion (resp. distance
between checkpoints) are given by the inter-arrival times of a stationary
point process. We call the models introduced in this section sequential
restart and checkpointing.

2.1 Point process and stationarity

First, we briefly review the necessary concepts in point process theory.
For a more complete treatment on the subject see [10],[11],]9] among oth-
ers. Consider a general probability space endowed with a measurable flow
(Q, F,P,{0:}1cr). Let N(R x (RT)N) be the set of counting measures on
R with marks in (R*)N. An element of N(R x (R*)Y) is of the form
Y = > ez 0(xn, Kk, (+), in which 6z(-) is the Dirac measure with mass at
Z, X, € R, K, € (RT)N and the sequence {X,,},cz does not have accumu-
lation points. We say K, is the mark of X,,. For any C' € B(R* x (R*)N):
Y(C) = D nez 0(xn, k) (C). We write X, € ¢ whenever ¢({Xp, Ky, }) > 1.

We equip N(R x (RT)N) with the smallest o—algebra N (N(R x (RT)N))
that makes the family of mappings

{¢ = ¥(C): C € BRT x (RT)Y), C bounded}



measurable. A point process on R with marks in (RT)Y is a measurable
mapping ® : @ — N(RT x (RH)N),

The realization of a marked point process in N(R x (RT)N) corresponds
to a sequence

{Xn(w), Kn(w)}nez C R x (RF)N

such that {X,,(w)}nez has no accumulation points P—a.s.. We often write
X, instead of X,,(w). Forall C € B(RxR™), welet ®(w, C) = #{(X,, K)(w) €
C'}. Moreover, we always label the points of ® in R as follows:

<X 9 <X 1< Xg<0< X, <. ..
We assume @ is §,—compatible, i.e., for all t € R,
1. Po(6)~ ! =P,
2. For all C € B(R) and D € B((RT)N):
®(Ow,C x D) = P(w, (C +1t) x D).

These, together with
B(w,C x (RMN) < oo for all C € B(R) bounded, P — a.s.,
makes ® a stationary marked point process.

Remark 4. It is most convenient for our purposes to take Q to be N(R* x
(RT)N) and F to be N(N(R x (RT)N)).

In our setting, marked point processes are constructed in the following
way. We start with a stationary point process in R. Let D,, = X,,11—X,,. We
mark the point X,, with a sequence of i.i.d. random variables K;,, = {L;;}i>1
that model failures as in Section 1.

We work with the point process under its Palm probability. Let A =
E[®([0,1] x (RT)N)] be the intensity of ®. We assume 0 < A < oo. The
Palm probability of ® is defined as, for all A € N(N(R x (RT)N)),

1

> 1{X, € B}1{® o b, € A}, (2.1)
neL

for any B € B(R) with positive Lebesgue measure |B|, where
Pobx, = {(Xm — Xn, Kin) ez

The probability measure P? can be regarded as the distribution of the process
given there is a point at the origin. In fact, P[0 € ®] = 1. For more on
Palm probabilities, see [10], [11], [9], among others.



2.2 Point-shifts

To provide a unified definition of asymptotic efficiency for sequential restart
and checkpointing, we resort to the theory of dynamics on point processes
induced by point-shifts (for more on the subject, see [6] and [19]).

Define N?(R* x (R*)N) as the subspace of N(R* x (R*)N) of all counting
measures with mass at the origin. Let N'(N?(Rx (RT))Y) be the correspond-
ing trace o—algebra.

Let 6 : NYR* x (RPY) = NYR* x (RT)N) be the discrete left-shift
operator defined by

9¢ = {(Xm - XlaKm)}m627

with 67 = {(Xm — Xpn, Kin)Ymez, 7 € Z. Let s : NY(R x (RT)N) = R be
a measurable function such that

s(4) = Xay, where $({Xay, Kay}) > 1,

that is, s maps a counting measure to some element of its support. Such
a map is called a point-map. A point-map s induces a compatible point-
shift, S, that maps, in a translation invariant way, every point of a counting
measure to another by

S, Xn) = s(0"Y) + Xp, (2.2)

for all X,, in the support of . Then, we define the translation by the
point-shift s, 65 : NO(R x (RT)Y) — N9Y(R x (R)N) as

05t == W - XOél} = {(Xm - onlaKm)}mEZ- (23)

Inductively, assuming that s"~1(v) is defined and letting 0714 = {¢) —
Ca , we let s =s(tg~ + s and 6 = —S .
nl,d} let nw inw nlw d@nd} 77[} nw

In words, s takes the counting measure and maps it to an element of its
support, X,,. Then 65 shifts the counting measure so that X, is the origin.
Applying s again to the shifted counting measure, we get some point on the
support of 1, say Xa,, and 62 shifts 1 so that X,, is the origin, and so on.

2.3 Ideal times and actual times

As discussed in Section 1, in both the one task restart and
checkpointing , we have the ideal time (when no failures take place) and
the actual time (when accounting for failures). In our sequential models, we
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Figure 3: The progress of checkpointing at the 1%!—iteration. There are
four failures before the first checkpoint is surpassed, hence 79 = 5. Then,
there are no failures until the system is between checkpoints X9 and X3, so
v1 = 2. Here, the first ideal-time is DY = X5 — X, and the first actual time
is TC = Z?:l LO,@'-

have an ideal time and an actual time for each iteration. We define these
using point-shifts.
First, let

Tn = inf{k >1: Ln,k > Xn+1 — Xn} (2.4)

The sequential restart point-map is given by sg(®) = X1, so Sg(X,, ®) =
Xpy1 for all n. The translation by this point-map is simply the discrete
left-shift operator, ie., 0, = 6". For the nth—task, the ideal time is
DE =D, = X,,;1 — X,, and the actual time is T.F = Z?ZII Lyi+ Dy,

The sequential checkpointing point-map is s¢(®) = X,,, where

vo =sup{k >1: Lo, > X} (2.5)

Notice that 79 — 1 is the number of failures before the first checkpoint is
surpassed, and v the index of the next checkpoint secured once the system
passes the first one. The 1%'—ideal time is D§ = X,, and the 1%~ actual
time is TS = >, Lo,. Figure 3 illustrates the first iteration in sequential
checkpointing. Now, for each n, let

Zn = Ly, — Dy. (2.6)
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Figure 4: The progress of checkpointing at the n'"—iteration.

More generally, as illustrated in Figure 4, at the nt*—iteration, the nt*—ideal
time is DS := X,,, — X,, _,, where

vp=suplk >vp1+1:2, |, >Xp— Xy, 141} (2.7)

with the n!"—actual time being TS = Z:;"fl L, i Wesetv_; =0.
The table below summarizes our notation.

restart checkpointing
Point-map sp(®) = X, sc(®) = X,
nt" —ideal time DE =X, - X, D¢ =X, - X, .
nth —actual time TR =S L+ D, [ TC = Ly
Point-map translation b5, =0" 05, =0

2.4 Asymptotic efficiency

In this unified framework, we define asymptotic efficiency as the limit ratio
of the sum of ideal times to the sum of actual times for both models.

Definition 5 (Asymptotic Efficiency). The asymptotic efficiency is given
by, for i € {R,C},

N—1 v
Dl
e(w)=li M P — as., (2.8)
N=oo 3 2o Th(w)
whenever the limit exists.

Notice that, when it exists, 0 < e < 1 P'—a.s., as Tg > DiL n > 0.
Let s be a point-map. Consider the sequence of probability measures on
(NO(R x (RT)N), NO(R x (RT)N) defined by

P =P0o (p7) L. (2.9)

10



Then P*" can be interpreted as the distribution of the point process given
that there is a point of the n'” —image of S at the origin. Suppose {P*"},>¢
has a weak limit P**°. As we shall see in detail, when the asymptotic
efficiency exists, it is then the ratio of the expectations of Dg and Tg under
Psie i e {R,C}.

2.5 General Assumptions

In order to establish the existence of e in sequential restart we assume that
the marked point process ® is such that, under P°,

1. the i.i.d. sequence of failure marks, {Ly,;};>1 is independent of D,, for
all n > 0;

2. both Dy and Lo ; have right-unbounded support;
3. EO[DO], EO[LOJ] < oQ.

This set of assumptions allows us to leverage the results of Section 1.

For checkpointing , besides items 1., 2., and 3. above, we assume that
® is a marked renewal process, i.e., under P°, {D,},cz is i.i.d.. Moreover,
we assume that {L,, ;}i>1 is independent of D,, for all m > n > 0. In words,
the failure marks of X,, are independent of the checkpoint intervals ahead.

3 Sequential restart: main result

Given that the translation by the sequential restart point-map is the dis-
crete left-shift operator 6, the sequence {P*#"}, o (Equation (2.9)) is con-
stant, with all its elements being equal to PY. This result holds as 6 is
bijective, so it preserves the Palm measure [20].

Moreover, from the fact that  preserves PU, there exists a random vari-
able Lg such that

P°[Lo > t] =P°[L,; >t], VincNandtecRT. (3.1)

In the same vein, the sequence {D,,},>0 is identically distributed (but not
necessarily i.i.d.) under P'. Consequently, the restart actual time sequence,
{TE}, > is also identically distributed under PY.

Theorem 6. Let Z be the invariant o—algebra of (P, ). If Dy does not
have a PY—tail heavier than Lo, the asymptotic efficiency exists and it is

11



given by the random variable
, PO —as.. (3.2)

f (P, {0;}tcr) or, equivalently (P°,8) is ergodic, we have E°[Dy|Z] =
E°[Do] and E°[T#|Z] = E°[T{], so that the asymptotic efficiency is constant.
In this case, if Dy does have a P’—tail heavier than Lo, e = 0 P* — a.s.

Proof. If Dy does not have a P°—tail heavier than Ly, by Theorem 2,
EO[TF] < oo, and, as E°[Dy] < oo by assumption, by Birkhoff’s Pointwise
Ergodic Theorem,

M — lim 27]:[;01 Dyo0™ E°[Do|Z]

Nooo SNVATi (W) Moo NI TR o g BT T

PO — as.

When (P, {0},cr) is ergodic, E°[D|Z] (resp. E°[TF|Z]) equals E°[Dy]
(resp. EY[TF]) If Dy does have a PY—tail heavier than Lo, E°[TF] = oo for
all n > 0. Suppose, by contradiction, that

N-1
limsup =2=0 "2 > ¢ PO —
for some € > 0. It follows that
N-1
lim sup — D, > elimsup — TR
N—oo nz;) N—o00 Z
Let M > 0 be a fixed integer. Then, as
N—-1
limsup — Z Th > hrnsup— Z min{TE, M},
N—o0 N—oo n—0

hmsup— Z D, > ehmsup— Z min{T%, M}.

N—oo nO nO

Now min{7f*, M} is integrable, so by by Birkhoff’s Pointwise Ergodic The-
orem, we have

E°[Do] > €E°[min{T?, M}]. (3.3)
Since E°[Dg] < oo and E°[T] = oo, letting M — oo on the RHS of (3.3)

we have a contradiction. O

12



Remark 7. Notice that when (P,{6;}.cr) is not ergodic, e can be zero
with positive probability. Here is a simple example. Consider a stationary
marked renewal process constructed in the following way. Let Dy ~ exp(Ay)
under PV, and let ¢ be a random variable taking values in {0, 1} with, P?[c =
0] = P%lc = 1] > 0. Then, if ¢ = 0, Ly ~ exp(A1) under P and, otherwise
Lo ~ exp(A2). Assume A\; > \g > Ao. Then e = 0 with probability P°[c = 0].

Remark 8. Now since the set

A { AN Do EO[Dom}

N—oo % ZT]:]:_Ol Té‘z ofn O [T(ﬂl']

is strictly #—invariant, i.e., §4 = A, by property 1.6.1 in [7], P'[4] = 1
implies P[A] = 1. Therefore, the above result also holds P — a.s..

4 Sequential checkpointing: main results

In what follows:

e & satisfies the general assumptions for checkpointing in Section 2.5;
e D, =X, —X,, 1, asillustrated in Figure 4, with 1, defined in (2.7);

o Pscm = POo (¢n)~!, with {P°"},>0 being the restriction of P¢:"
to NO(R+ x (RT)N).

o P9°° denotes the weak limit of the sequence of distributions {P5°"},,>0,

when it exists, and E5“°™ is the expectation operator of P57

e Assuming {D,, }n>0 converges weakly under the Palm distribution to
a non-degenerate random variable Do, and letting Do, be an indepen-
dent random variable distributed like the Palm distribution of D, we
set

Too = inf{k > 1: Lo > Doo} (4.1)

and
Voo =sup{k >1: Lo, > X} (4.2)
Remark 9. Let PO be the restriction of PO to N°(R* x (RT)N). Then, under
the assumptions of Section 2.5, IP’9r is an independently marked renewal
process and, therefore, satisfies the strong Markov property. In this section,

all events consider under P° belong to the trace o—algebra N (NO(RT x
(RTN). Hence, we keep the notation P® when there is no ambiguity.

13



Theorem 10. If {D,, },,>¢ converges weakly under its Palm distribution to
a non-degenerate random variable Dy, then P> exists.

Moreover, if E'[Dy], E°[vs] < 00, and Dy, does not have a P?—tail
heavier than Lg 1, then the asymptotic efficiency exists and it is equal to

B (D)

S S
B 1)

e =

Otherwise, e = 0 PY—a.s..

For the sake of brevity, in what comes next, we denote the sequence of
failure marks {Ly, ;}i>1 by Ly,.

Lemma 11. Under P°, consider the filtration {F,,}m>0 in which
Fm = 0((D07L0)7 R (Dma Lm)) vV m.
Then, for all n > 0, v, + 1 is a stopping time with respect to {Fy, }m>o0-

Proof. As L, is independent of {D,,}m>n, the stopping time property of
vy + 1 follows from the fact that 79 is Fp—measurable, vy > 0 a.s., and, for
allm > 1,

{1/0 +1= m} = {Xm > L07TO} N {Xm—l < L07TO} C Fm.

Now suppose v, +1 is a stopping time. Then, for m < k, {vp11+1 = m} =0,
and, for m > k,

(1 +1=m} =U" (e + 1=} N { X1 < Xi + Zic1 < Xin})) C Fom,s
Zi_1 defined in (2.6). O

Let {D,}nez be a sequence of i.i.d random variables, independent of

{Dn}nez such that D, has the same distribution as Dy. Let the total
lifetime of the renewal process {D,, }necz be

B(t) =D, if X, <t < Xpi1. (4.3)
Given Zy = z, we have D,, = (z). Therefore,
PO[D,, > 2] = / PO[B(t) > x] fz,(dt),
0
where fz, is the distribution of Zj.

14



The interval D,,, tends to be larger than Dy, as failures are more likely
to happen when checkpoints are more apart. In fact, D,, stochastically
dominates Dy, as P°[3(t) > x] > P[Dy > z] for all z,¢ € R* [1]. This is
an incarnation of the inspection paradox. Hence, in contrast with restart,
0. does not preserve PV and, consequently, {Dg }n>0 is not identically dis-
tributed under the Palm measure.

A sequence of inter-arrivals {Dn}nzo is called a delayed renewal process
if {Dn}nZO is a sequence of independent and non-negative random variables
and {Dn}nzl is i.i.d.. In Proposition 12 below, we show that not only P5°"
is the distribution of an independently marked delayed renewal process, but
also the distribution of the inter-arrivals after the first one is the same under
P5e" and PY. The result goes along with the interpretation of P5¢" as the
distribution of the point process given there is a point of the n**—iteration
of the point-shift S¢ at the origin. To illustrate our case, consider the point
process shifted by #*°. As mentioned above, there is an inspection paradox
effect in first interval D,,. Nonetheless, as shown below, the inter-arrivals
distributions (XVO+2 — Xl/o-i-l)a (Xy0+3 — Xl/()-‘r2)7 ey (XV0+j — Xl/o-‘rj)v cey
are ii.d. and have the same distribution under P°. This takes place in
every iteration: the first inter-arrival interval after the shift is biased and
the following ones maintain their distribution, which is that of a typical
inter-arrival.

Proposition 12. For all n > 0, {P}°"},,>; is the distribution of an inde-
pendently marked delayed renewal process. Moreover,

PY"[Dy € A,Ly € By,...,Dp, € Ay, Ly, € By, ]
=PD, € Ay, Ly € By,...,D,, € Ay, Ly, € By, .. ]
for all {Ai}i21 S B(R+) and {Bz'}i21 S B((R)N).
Proof. For Ay,...,A; € B(R") and By, ..., B; € B(R)Y)),

P*e"D;j € Aj,Lj € By,...,Dg € Ag, Ly € By

=PD,,+; € Aj,L,, 1 € Bj,...,D,, € Ay, L, € B

=P°[Dy,+j € Aj, Ly, 4j € Bj|Dy,vj-1 € Aj1,Ly,1j1 € Bj1,
..., Dy, € Aoy, L, € By

x P'[D,, +j-1€ Aj_1,L,, +j1€Bj_1...,D,, € Ag,L,, € By.

As v, + 1 is a stopping time, by the strong Markov property of indepen-

15



dently marked renewal processes, for every j > 0,

PO [Dyn+j S Aj, Lyn+j S Bj‘DVn+j_1 S Aj_l, LVn+j—1 S Bj_l,
..., Dy, € Ao, Ly, € B;_1] =P°[D; € A;JP°[L; € B;].

By keeping conditioning and applying the strong Markov property:

Psc’n[Dj S Aj,Lj S Bj, ., Do € Ag,Lg € BQ]

J
=P°[D,, € Ao, Ly, € Bo] [ [P°[Do € AiP°[Ly € By))

i=1
J
=P°[D,, € Ag|P°[Lg € Bo] [[P°[Do € AiJP°[Lo € By],  (4.4)
i=1
where the last equality follows from independent marking. O

Corollary 13. If {D,, },,>0 converges weakly under the Palm distribution
to a non-degenerate random variable Dy, then {P2°"},,>1 converges weakly
to a distribution P2°"*°. Moreover, P7°"*° is the distribution of an indepen-
dently marked delayed renewal process in which the first inter-arrival interval
is distributed as Dqo.

Proof. The results follow from Proposition 12 and taking the limit as n — oo
in (4.4). O

Lemma 14. For all n > 1,
o
P[D,, > o] = /O P(t) > alfs, . (dD), (4.5)
where fz, _ is the distribution of Z,, , under PO, with 5(t) defined in (4.3).
Proof. As P°[D,,, > ] = P57 [D,, > 2] and P! is the distribution

of a independently delayed renewal process such that {(D;,L;)};>1 has the
same distribution under Pic’"fl and P°, we have

P D, > 2] = /0°° PU[B(t) > alf7,  (db),

where fgo_l is the distribution of Zy under Pic’n_l. As fgo_l = fz, _,, the
result follows. O

16



Remark 15. So far, we have defined {P5°"},>0 and P3°"°° (when it exists)
on the space of counting measures. Once it is established that these distribu-
tions are concentrated on independently marked delayed renewal processes,
we can, without loss of generality, define these measures on the space of
discrete sequences in which each term belongs to RT x (R*)N| equipping it
with the standard cylindrical Borel c—algebra. We work on this space in
the next proposition.

Proposition 16. If {D,, },>0 converges weakly to a non-degenerate random
variable, 00 preserves P2 and (P7"°, 00) is mixing.

Proof. First we show 60 preserves IP’iC’OO. Consider the product cylinder set
Clos.it = {(Dny Lin)nz0 : Djy € Ajo, Lijy € By, ..., Dj, € Aji, Ly, € By},
where 0 > jo > j1,... > 51 € Ny.

Picm[euocjo,---,jz]

=P [0 {(Dy, L) n>0 : Duntjo € Ajos Luntjo € Bigs - -+
Dy,+j € Aji, L4, € By}

=P [{(Dy, Ln)n>0 : Duntjo € Ajos Luntjo € Bios - -+
Dy, 45 € Ajis Lutj, € By }]

=P’ [{(Dn, LN)NZO : DVn+1+j0 = Ajo7LVn+1+jo € Bjy, .-,
DVn+1+jz € AjvaVn+1+jz € sz}] :

Then, as {D,, }n>0 converges weakly to Do, by (4.4), taking the limit as
n — oo on both sides,

P16 Chy, i = P20l i) (4.6)

By standard extension arguments from product cylinder sets, we con-
clude that 6" preserves P57,

Next, we prove (P5%°°°,0"0) is mixing. First, we notice that D,, is a
function of D,,, |, {Loy,_, }i>0, and {Dy }rn>p,_,+1. By independent mark-
ing the i.i.d. sequence {Lg,, _, }i>0 is independent of v,,_; and has the same
distribution under PY as {Lo;}i>0. In the same way, by the strong Markov
property the i.i.d. sequence {D), } >, _,+1 is independent of 1,1 and has the
same distribution under P° as {D,,};>o. Therefore, {D,, },>0 is a Markov

Chain.
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Let Cj,,....;, and C'jé, e ,Cjé be two product cylinder sets. Following the
same steps used to get (4.6), for all m > 1,

Picpo[cjowwjz N 0. Cyr ]

sC ]07 7]q

: 0
= nILH;oP [Dyn+j0 S AijVn-‘rjo € Bjy,..., Dy, 4, € Ajl7LVn+jl € B;N
Doty € Ajy ety € B+ Doty € Asys Ly € By |
(&.7)

Then, for all m such that v,4m + j§ > Vnt1 + Ji, as {Dy, tn>0 is a Markov
chain, (4.7) equals to

lim P [Dl/n-i-Jo € Aj LVn+]o € B; DVn+jl € Ajl7LVn+jl € sz]

N 6o Jo> FERRRE
0
X P Dy, iy € Ajps Ty € Bigo o+ Doty € Ajys Lavy € By,
_ PSC,0 . SC,
- ]P)+ [0]07"'7.]l] I:C]é’ 7jq]

Again, invoking standard approximations arguments, we conclude that for
allC, C" € B((Rx (RT)NMN), lim,,, 500 P [Cne ') = PO [CIPE (O],
completing the proof. O

Lemma 17. Suppose {D,,, }»>0 converges weakly to a non-degenerate ran-
dom variable. Let A be a strictly "0 —invariant event in A'(N?(R* x (RT)Y).
If P2C°°[A] = 1, then PO[4] = 1.

Proof. By Corollary 13, as A is #*°—invariant, i.e., 0*°A = A, and, hence,
for all n, 0" A = A,
1=P°[A] = lim PY[0""A] = lim P[4] = P°[A].

n—oo n—oo

O

Proof of Theorem 10. As {D,, }n>0 converges in distribution to a
non-degenerate random variable, by Corollary 13, P39 exists. Moreover,
by Proposition 16, (P°"°°,6) is mixing. Then, by Birkhoff’s pointwise
ergodic theorem, for any measurable function A : NO(RT x (RT)N) — R¥
such that h € L’l( P,

nh_)rréo —= Z ho 0" = E5°[h], P — as.
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Next, notice that
vo—1
Ej-a [ ESCH [Z D ]

= E°[Do1{ve = 1}] + E°

VOOZ_ Dy 1{ve > 1}] .

n=1

Now, as E'[Duo] < 00, E9[Duo1{ve, = 1}] < co. Moreover, as {D,,}n>0 is
i.i.d. under P°,

<E°

Voo—1
[Z Dpl{ve > 1}

Voo+1
ZD ] <E°| Y’ Dn] .
n=0

Following the same reasoning as in Lemma 11, v, + 1 is a stopping time
with respect to the natural filtration of {(D,,, L) }n>0. Hence, by the general
version of Wald’s equality for stopping times,

Voo+1

ZD

which is finite as E°[v4] < oo by assumption.
It follows that E°"*°[D2] < co. Hence, by Birkhoff’s pointwise ergodic
theorem,

= E°[v + 1]E°[Dy],

N-1
1
Jim 2) D§ o 0" = E5O°[DY], PO — as. (4.8)
n=

As ESO°(TS] = E°[3°7= Lo, if we assume that Do does not have a
PY—tail heav1er than Lo, To e LYP 5079, s0

N-1
3 1 C n El C k)
Jim z% T 0 9n = BSOS, PO — ass. (4.9)
n=

Therefore, by (4.8) and (4.9),

N-1 N-1 ;
e:= lim 2in=0 Dg L 2n=0 DCogun Ej-coo[Dg]

=n=__ = = . 4.10
Nooo ZnN;01 TC  N—oo ZnN:()l TOC o Hvn EiC’OO[TOC] ( )
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Let

o SN DG e e
e T Y = msc.oo e (-
N—oo 30 T§ o BT

Since

N-1 Un N-1 n
lim Zn:O Dg of o 91/0 = lim Zn:l Dg o 0"
N—oo ZnNz_Ol TOC' o gVn N—oo Zjnvz_ll T[? o 0Vn

and E° is preserved by 6*°, A is strictly "°—invariant. Then, by Lemma
17, (4.10) holds P%a.s., as desired.

If Do, does have a P?—tail heavier than Lo, EiC’OO[TOO} = 0o. Then,
the same argument used in Theorem 6 applies to show that and e =0. [0

In the rest of this section, we focus on the case of exponential failure
marks, in which we can say more about P>

4.1 Exponential failures and universal checkpoints

Suppose that IP’O[LQO <zl=1- e M X\ > 0, i.e., the failure marks are
exponentially distributed. We show the conditions of Theorem 10 are then
satisfied if E°[v1] < oo, so e exists. We also show there is a sequence of
checkpoints that will be activated regardless of the initial checkpoint from
which we start the system. These are called universal checkpoints.

Theorem 18. Suppose that ¢ is a independently marked renewal pro-
cess with exponentially distributed failure marks. Moreover, assume that
E°[D,,], E°[11] < oo. Then e is well-defined.

Proof. In order to apply Theorem 10, we need to show that ]P’jrc’Oo exists,
E°[Dy], and E%[vs] < 0o. Due to the memoryless property of the exponen-
tial distribution, the sequence of random variables {D,, },>1 is identically
distributed, and thus converges in distribution. To see this, notice that
Zy, defined in (2.6) is exponentially distributed with parameter A for all n.
Consequently, from (4.5),

P°[D,, > z] :/ PO[B(t) > z]he Mdt, ¥ n > 0.
0

By same reasoning, v, has the same distribution under Palm as v; for j > 1,
so E°[v1] = E°[vo]. O

20



From (2.2) we have s¢(®, X,,) = X4, , where
kp =sup{k >n: Ly, > Xi}, (4.11)

where 7, as in (2.6). Then S?(®, X,,) = S¢(®, X,,), and so on. Let H, =
{Sg(q), Xn)}i>1. In words, H,, corresponds to the sequence of checkpoints
if the system starts at X,,. Notice that Ho = {X,, }n>1.

Accordingly, we call H,, the set of active checkpoints of X, or the check-
point trajectory of X,. We also say that if X, € H,, then X,, is activated
by X,,. By convention, X,, ¢ H,. We allow n to be negative. For example,
the process may start from X .

Definition 19 (Universal Checkpoints). Suppose X,, is such that for all
k < m there exists j > 1 such that S2(®, X;) = X,,, or, equivalently for all
k <m, X,, € Hi. Then X,, is a universal checkpoint.

As the name suggests, universal checkpoints, if they exist, are activated
if we start the system from any checkpoint that precedes them.

Theorem 20. Suppose that ® is a independently marked renewal process
with exponentially distributed failure marks. Moreover, assume E°[v] < oo.
Then there exists a sequence of universal checkpoints.

Let
N,=#{m €Z:m <nand S(®,X,,) > X,},

and notice that if N,, = 0, then X, is a universal checkpoint. Then, Theorem
20 follows directly from the proposition below.

Proposition 21. Under the assumptions of Theorem 20, for all k£ > 0, the
process { Ny, }nez admits a subsequence { Ny, }icz such that N, = k.

Proof. Let ky, as in (4.11). Since ¢ is an indepedently marked renewal
process, the sequence {k,}ncz is identically distributed. In particular x,
has the same distribution as 11 = kg

Define the events A, = {S(®, X_,) > 0}. Then

iIP’O[An] = i[?’o[m_n >n] = iPO[Vl > n)] = E%[1] < o0.
n=1 n=1 n=1

Therefore, by the Borel-Cantelli Lemma, P°[A,, i.0.] = 0. Hence Ny < oo
a.s.. By the same reasoning, we conclude that N, < co a.s. for all n.
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Thanks to the memoryless property of the exponential distribution, the
value of N,, only depends on N,,_1, i.e., {N,}nez is a Markov Chain. Now
suppose N,_1 = k. That means that there are k checkpoint trajectories

that do not use X,,—1 as a checkpoint. Given D,, = ¢, a trajectory that does

not use X,_1 as a checkpoint will not activate X,, with probability e=,

and will activate X,, with probability 1 — e~ .
Considering the checkpoint trajectory of X,,_1 we have that, for 1 < j <
k,
P°[N,, = j|Np_1 = K]
=PN, = j|N,_1 =k and X,, 1 € H,JP[X,,_1 € H,)
+POIN, = j|Ny1 =k and X, ¢ HnPO[X, 1 ¢ Ho)

([ (% )epa-e o) ([Ta-eman)
(G yemro-cnmmae) ()

Moreover,

PN, = k11 =K = ([0 o) ([T e poian).
P°[N,, = 0| N,,_1 = K]

~([Ta=e ) ([Ta-e o).

Since { Ny, }nez is a sequence of marks of the stationary ergodic marked point
process ®, if P°[Ny = k] > 0, there exists a sequence {n; };cz such that N,, =
k. Since N,, < oo, for all n, by the computations above, P°[Ny = k] > 0 for
all k> 0. O

5 Extensions

5.1 Markov renewal processes

Markov Renewal Processes give us instances in which the asymptotic effi-
ciency exists, even though the process does not start is not at steady state
when tasks start being executed. For simplicity, here we work out sequential
restart case, although the same results can be achieved within the sequen-
tial checkpointing with exponential failure marks. First, we develop the
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results of a system that admits a steady state but the initial distribution
is arbitrary. After that, we indicate how one can fit the Markov Renewal
structure in the setting of Theorem 6.

Here we consider different states for the ideal task times and failures
marks, which are are driven by a Markov Chain whose state space is count-
able. We briefly review the Markov Renewal process structure, adapting it
to account for failure marks. For a more complete treatment of the subject
see [11] and [1]. In short, the distribution of the task sizes and failure marks
depends on the current state and the next state to be visited of a Markov
Chain.

Consider a Markov Chain {Y},},>0 whose space state S is countable.
Let A = (a;)ies be its initial distribution and P = (p;j)ijes its transition
matrix.

For z,y € RT, let Gy, j(x,y) and G; ;j(z,y) be two joint distributions on
R2. We then consider the trivariate sequence {(Y;,, Dy, Ly) }nen defined in
a probability space (€2, F,P) such that

1. P[Yy = ko] = ag,;
2. P[Dy <, Lo <y, Y1 = k1|Yo = ko] = Go ko k1 (5 Y)Pkoks s
3. Forn > 1:
P[Dy, <, Ly <y, Yy = kn|Yo = ko, Do < w0, Lo < 9o, - - -,

Y, = kn, D,_1 < Tn—1, Ly < ynfl]

= P[Dn <z, L,<yY,= kn’Yn—l = kn—l] = Gknflkzn (xuy)pkn,1kn-

We further assume that Go; ;(z,y) = F(ﬁ,j(x)F(fi,j(y) and G j(x,y) =

leg(x)FzLj(y), namely, conditional on (Y,,,Y,_1), Ly is independent of D,,.

Notice that letting y — oo we have the classical Markov Renewal Process
[14].

Assumption 2. We impose conditions so that X,, — co as n — oo P—a.s.:
(i) P is irreducible, (ii) there exists a non-trivial probability measure (7;);ecs
such that 7P = P and ), ¢ mp; < 00, where

o
jeS 0

We write ﬁij (respectively f)zj) the random variable corresponding to
the task size (failure mark) conditional on Y,, =i and Y, 11 = j. It follows
that D;; (resp. L;;) has distribution Fg(x) (resp. FZLJ(x))
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Assumption 3. Foralli,j € S, Dzy and LZ] are integrable random variables
with right-unbounded support. Moreover, D” is independent of LU

Assumption 4. The embedded Markov Chain {Y},},en is ergodic, with
unique stationary distribution given by {m; }ics.

Then, we proceed to derive expressions for E[Dg] and E[T¥] when the
chain is in steady state. First, for each pair of states (i,j) one can compute

E[ﬁ?], the expected value of the actual time Tff, whenY,, =iand Y, 11 = j,

as in Theorem 2, with Ly = f/ij and D = DU. By unconditioning,

pr 15 aundIETR me

JjeSs JjES

where E[D;] (resp. E[TF]) is the expected size of the task (resp. actual
time) when the chain is at state i.

Remark 22. A pair of states (4, j) is called slow if ﬁij has a P—tail heavier
than L;;. It follows from Assumption 3 if that (7,7) is a slow pair of states
then E[T?] =

Due to the Strong Law of Large Numbers for functionals of a Markov
renewal process [14],

N-1
.1 ~

Jim 5 2 D=2 mE(D]

n=0 €S
and, if E°[Tf] < oo
1 N—-1

Jim D Tt =D mEITS.

n=0 1€S

Hence, if there are no slow states:

. D ies ”ZE[bz}

Zz‘eS ﬂiE[TiR} '

The next example shows that e can be equal to 0 even in the absence of
slow states.
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Example 1. Suppose ﬁij ~ exp (p,-j2j7ri2") and f/ij ~ exp (pij2j7ri(2i — 1))
foralli € N=5. We assume 0 < m; < 1 for all ¢« > 1. Notice that each
pair of states is not slow. However, Y :° =1 mE[D;] =1 and Zle s mE[TE] =
Y211 =00, s0e=0. This holds as, if D@j ~ exp (f;;) and sz ~ exp (oj)
we have, by Theorem 2,

I
(Bij — aiz)

We discuss briefly how Markov Renewal Process can be fit into the frame-
work of Theorem 6. Define a point process P by Xo =0and D,, = X,41—X,,
and a Semi-Markov Process {Y (¢) }ier by Y (¢) = Y, when X, <t < X4

Assume that ), ¢ mE[D;] < oo and ®([0,1)) < oo for all £. Then let
PV = PoY~!. Then there exists a probablhty space endowed with a flow,
(P,Q, F, {H}t) such that P is 6;—invariant, ® is a stationary point process
whose Palm distribution is P? ([7], Chapter 1).

Hence, by marking this process with the failure marks {L,,;};>1, Theo-
rem 6 holds with E°[Dg] = 3, mE[D;] and E°[T] = 3, ¢ mE[TF].

E[T]] =

5.2 Repetition of tasks based on a Random Walk

We now proceed to study the asymptotic efficiency of restart when the
tasks to be completed follows a transient simple random walk, i.e., there
is a chance p < % that, once a task is completed, progress is lost and the
system returns to the previous task. For example, after completing task
D, progress might be lost and the system resumes from task D,,_1, which
is again subject to failures. We assume that this extra failure source is
independent of the failure marks and ideal times and ® is a renewal process.
We show that the asymptotic efficiency exists and we provide a lower bound
for it.

Remark 23. In order to simplify the proofs and, without loss of generality,
we do not model any sort of boundary effect, i.e., the tasks D_1 = Xg— X_1,
D_5=X_1 — X_5 and so on are well-defined.

Let {&,}n>1 be an i.i.d. sequence of Bernoulli random variables such that
Pl¢, = —1] =pand {, = Y. | & (with & = 0). At the n'"—iteration, the
task being completed is D)V = Dy o -1,

We assume that the failure marks are such that L,, o is independent of
L, for all n,m € Z and are re-drawn if a task is repeated. Under this
assumption, instead of marking each point of the process with a sequence of
i.i.d. random variables {L,, ;}i>1, we can simplify matters by considering a
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single sequence of i.i.d. random variables {L;};>1, such that L; has the same
distribution as Lo under P° to compute the actual time spent on task D).
Then let 7}V := inf{i > 1: L; > D'} and 7V :=inf{i > 7V, : L; > DIV}.

. W - . w TXV +1 w
So, the actual time spent on task D, is given by T, = Zi:ﬂ?/ ) L;+D,’.

Let 9, = inf{j > 1 : (; = n}, ie., {Un}n>0 is the sequence of ladder
epochs of the random walk ¢, with ¥g = 0 [13]. It follows that D, =
Xpi1 — Xo =X, |~ X, -

Un—1

Given those definitions, one can regard T.% = S°" g TW as the total
actual time necessary to complete the task D,,. As before the asymptotic
efficiency is

N—-1
D,
ep = lim 2in= £m=0 7 = p0

— a.S.
N—00 ZN TR ’

whenever the limit exists.

Using the fact that ® is an independently marked renewal process,
EO[T]W] = EO[T}"] for all I,j > 0, as the Palm expectation of T]W only
depends on the distribution of Lg and Dy under PV.

Proposition 24. Suppose Dy does not have a P°—tail heavier than L.
Then

ezep:le,

p
where e is the asymptotic efficiency when p = 0, p is the probability that
the random walk {(, }n>0 never returns to zero and - is the probability that
the walk never goes below zero. On the other hand, if Dy has a PY—tail
heavier than Lg, e, = 0.

To prove Proposition 24 we rely on the next lemmas, following a similar
reasoning as in [16].

We say that v is a regeneration epoch if it is a ladder epoch and, more-
over, (j > (, for all 7 > v. That is, a regeneration epoch takes place when
the walk reaches a certain level for the first time and never returns below it.

Lemma 25 below is proved in a more general context, namely, for the
nearest-neighbor random walk on Z with site-dependent transition proba-
bilities [12]. Lemma 26 is a classical result on transient random walks whose
proof can be found in [18].

Lemma 25. If p < l there exists a sequence {vm}m>1 of regeneration
epochs. The sequence {vn+1 —Un}n>1 isii.d. as well as the sequence {(,,,, —

Cup Yn>1-
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Lemma 26. Let R, be the number of distinct sites visited by the walk
{Ck }k>0 after n steps. Then

lim
n—00 n

= p, (5.1)
where p is the expected number of visits of the random walk to 0.
Lemma 27. E°[v; — vg] < oo
Proof. Fix any k and assume (; = m. By definition

{Cx is a regeneration epoch}

={VIi<k, g<mand (rf=m}N{§G>m, VI>k}
= {(} is a ladder epoch} N {(; > m VI > k}.

Then, by the Markov property, and noticing that v = PY[{(; > m V | > k}]

P°[{¢, is a regeneration epoch}]
= PO[{{ is a ladder epoch}JP°[{¢; > m, V I > k}]
= 4P°[{¢ is a ladder epoch}].

Now let R, be the number of regeneration epochs on the interval [1,n],
ie.,
n
R, = Z 1{() is a regeneration epoch} =
k=1

E°(R,] =~ Z]P’O[{Ck is a ladder epoch}] = yE°[R,,]. (5.2)
k=1

By the Lemma 26 and (5.2),

tim Bl _ (5.3)

n—oo N p

Next, notice that, by definition, E°[R,] < n and v, > n, so, using (5.3),
n

n PR .
lim 2=tV ) o Un o R P (5.4)
n—00 n n—0oo n n—00 EO[Rn]

s

=2

Now {v,, — Up—1}n>0 is an i.i.d. sequence. Hence, by the strong law of large
numbers, we conclude from (5.4) that E°[v; — vg] < oo. O
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Proof of Proposition 24. First, suppose Dy has a P°—tail heavier than Ly.
As the asymptotic efficiency when tasks may be repeated is less or equal to
the asymptotic efficiency of when this is not the case, e,, the former exists
and it is zero.

Now suppose Dy does not have a PY—tail heavier than Lg. Let

Un
R __ R
TR S TR,
J=vn—1+1

for n > 0. Notice that lim,_ oo % S0 TR =lim, o0 % >, TE

Now, by Lemma 27, since {v, — Un—1}n>0 is an i.i.d. sequence, @ is a
renewal process, the sequence {TZ}, > is i.i.d..

The next step is to show that E°[TF] is finite as long as Dy does not
have a PY—tail heavier than Ly, and can be bounded from above. First,
notice that, since the discrete left-shift 6 preserves P? and the random walk
is independent of P,

v1—v0

2. T
i=1

Now we use the following version of Wald’s equality.

EO[T{] = E°[TE o0 6=v0) = E°

Lemma 28. If {Z;},cn is a sequence of positive random variables and 7 is
a positive integer-valued random variables satisfying

1. E%Z] :=E°Z;] < oo for all j € N;
2. E°[Z;1{n > j}] = E°[Z]P°[n > j] for all j € N,

then

n

. %

i=1

RO = REO[Z]E°[n].

Since ® is a renewal process and the {L;};>1 is an i.i.d. sequence, E° [TJR] =
EO[TE] for all 4,7 € N. Moreover, if E°[T{] < co Assumption 1 of Lemma
28 is satisfied. Assumption 2 of the same lemma, is satisfied since the ran-
dom walk {(x}ren is independent of the point process and of the sequence

{Li}i>1.
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As {v,—vUn_1}n>0 is an i.i.d. sequence (Lemma 25), and E°[vg—wv1] < oo,
by the strong law of large numbers,

1 N—-1 V1
. ~R 0 "R
Jm, 2 T =F [ 2 T
=0 1=vg+1

= EYTHE[v; — vo] < 00, P —as..

Therefore, we conclude that

E°[Dy) P
ep = ,P—as..
" EYTHE[or — wol
By (5.4), E%v; — vg] < g, completing the proof. O

A Proofs

Proof of Theorem 2. In this proof, we assume that D and Ly admit densi-
ties. Let TR(z) be the actual restart time given D = z. Then

TR(2) = 21{Ly > 2} + (Tr(2) + Lo)1{L¢ < 2},

where T%(2) is an independent copy of T (z). Let mpg(z) be the expectation
of the actual restart time given D = z. Then

mp(z) = zP[Lo > z] + mp(2)P[Lo < z] + E[Lo1{Ly < z}] =

E[Lo]_{L() < Z}]
]P’[L() > Z]

mp(z) =z +

Therefore,

* E[Lo1{Lo < 2}|[p(dz)
P[Lo > Z]

E[T"] = Elmp(2)] = E[D] + /

In the same vein, let let 7¢(z) be the actual checkpointing time given
D =z Then T(2) = Lol{Lo > 2z} + (Tr(2) + Lo)1{Lo < z}, where Tc/(z)
is an independent copy of T¢ (z). Let m¢(z) be the expectation of the actual
checkpointing time given D = z. Then

mo(z) = E[UL{Ly > z} + mc(2)P[Lo < 2] + E[U1{Ly < z}])
= E[U] + mc(2)P[Ly < 2] =

E[Lo]

melz) = g A
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Therefore,

_ [T ElLo]fp(dz)
S0= ), R 2

By construction, 7¢ > T® P—a.s.. Suppose D has a P—tail heavier
than Lg. We show that E[T] = oo, which implies that E[T¢] = oo as well.
Suppose there exist zp > 0 so that P[Lg > z] < P[D > z] for all z > 2. Let

_ [ _fpldz)
Ve [ s

Then, as D has a P—tail heavier than L,

> fp(dz)

20
Promoting the change of variable w = P[D < z]| we have:
L
Y(z0) = / ——dw = o0,
wo L —w

where wy = P[D < z] > 0.

For the converse, it suffices to show that E[TC] < oo. which is the case
if D does not have a P—tail heavier than Ljy. Assume there is a sequence
{zn}nen such that z, — oo and P[Ly > z,] > P[D > z,]. Then, there is
a sequence {€p tnen such that (i) e, > 0 for all n, (ii) lim, 00 €, = 0 and
(iii) P[Lo > 25] = (P[D > 2,])'*". As before, using the change of variable
w=P[D < 2],

1
E[Tc]gE[U]/O (1_;)1+Endw

! 1
:E[Lo]/o mdw

< E[Lo] </01 Ml)Q%de)%. (A1)

The last inequality holding due to Holder’s inequality. Letting n — oo on
the RHS of (A.1) and invoking Monotone Convergence, we conclude:

1
2

E[T] < E[L] (/01 u_lw)de) < 0.
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