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Abstract

Graph-based learning is a rapidly growing sub-field of machine learning with applications in social
networks, citation networks, and bioinformatics. One of the most popular type of models is graph atten-
tion networks. These models were introduced to allow a node to aggregate information from the features
of neighbor nodes in a non-uniform way in contrast to simple graph convolution which does not distin-
guish the neighbors of a node. In this paper, we study theoretically this expected behaviour of graph
attention networks. We prove multiple results on the performance of the graph attention mechanism
for the problem of node classification for a contextual stochastic block model. Here the features of the
nodes are obtained from a mixture of Gaussians and the edges from a stochastic block model where the
features and the edges are coupled in a natural way. First, we show that in an “easy” regime, where the
distance between the means of the Gaussians is large enough, graph attention maintains the weights of
intra-class edges and significantly reduces the weights of the inter-class edges. As a corollary, we show
that this implies perfect node classification independent of the weights of inter-class edges. However, a
classical argument shows that in the “easy” regime, the graph is not needed at all to classify the data
with high probability. In the “hard” regime, we show that every attention mechanism fails to distinguish
intra-class from inter-class edges. We evaluate our theoretical results on synthetic and real-world data.

1 Introduction

Graph learning has received a lot of attention recently due to breakthrough learning models [GMSO05,
SGT*09, BZSL14, DMAI*15, HBL15, AT16, DBV16, HYL17, KW17] that are able to exploit multi-modal
data that consist of nodes and their edges as well as the features of the nodes. One of the most impor-
tant problems in graph learning is the problem of classification, where the goal is to classify the nodes
or edges of a graph given the graph and the features of the nodes. Two of the most popular mechanisms
for classification and graph learning in general are the graph convolution and the graph attention. Graph
convolution, usually defined using its spatial version, corresponds to averaging the features of a node with
the features of its neighbors [KW17]!. Graph attention [VCCT18] mechanisms augment this convolution
by appropriately weighting the edges of a graph before spatially convolving the data. Graph attention is
able to do this by using information from the given features for each node. Despite its wide adoption by
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practitioners [FL19, WZY 119, HFZ"20] and its large academic impact as well, the number of works that
rigorously study its effectiveness is quite limited.

One of the motivations for using a graph attention mechanism as opposed to a simple convolution is the
expectation that the attention mechanism is able to relatively down-weight inter-class edges before performing
the convolution step. In this work we explore the regimes in which this heuristic picture holds in simple node
classification tasks, namely classifying the nodes in a contextual stochastic block model (CSBM) [BVR17,
DSSM18]. The CSBM is a coupling of the stochastic block model (SBM) with a Gaussian mixture model,
where the features of the nodes within a class are drawn from the same component of the mixture model. For
a more precise definition, see Section 2. We focus on the case of two classes where the answer to the above
question is sufficiently precise to understand the performance of graph attention and build useful intuition
about it. We briefly and informally summarize our contributions as follows:

1. In the “easy regime”, i.e., when the distance between the means is much larger than the standard
deviation, we show that there exists a choice of attention architecture that distinguishes the inter-
edges from the intra-edges with high probability. In particular, we show that the attention coefficients
for the intra-class edges are much higher than the ones for the inter-class edges. Furthermore, we show
perfect node classification, where the performance of the attention architecture is independent of the
intra-class edge coefficients. However, in the same regime, we show that the graph is not needed to
perfectly classify the data.

2. In the “hard regime”, i.e., when the distance between the means is small compared to the standard
deviation, we show that any attention architecture is unable to distinguish inter- from intra-class edges
with high probability. Moreover, we show that using the original GAT architecture [VCCT18], with
high probability, most of the attention coefficients are going to have uniform weights, similar to those
of uniform graph convolution [KW17].

3. We provide an extensive set of experiments both on synthetic data, and on three popular real-world
datasets that validates our theoretical results.

1.1 Previous work

Recently the concept of attention for neural networks [BCB15, VSPT17] was transferred to graph neural
networks [LZBT16, BL18, VCC*18, LRK™19, PBHL20]. A few papers have attempted to understand the
mechanism in [VCCT18]. One work relevant to ours is [BAY22]. In this work, the authors show that graph
attention can force all nodes to attend to the same neighbor. However, to prove this, the authors assume
that all nodes have the same set of neighbors. This deviates significantly from the original graph attention
mechanism where each node may have a different set of neighbors. Another related work is [KTA19], which
presents an empirical study of the ability of graph attention to generalize on larger, complex, and noisy
graphs. In addition, in [HZC"19] the authors propose a different metric to generate the attention coefficients
and show empirically that it has an advantage over the original GAT architecture.

Other related work to ours, which does not focus on graph attention, comes from the field of statistical
learning on random data models. In particular, random graphs and the stochastic block model have been
traditionally used in clustering and community detection [Abb18, AFT*18 Mool7]. Moreover, the works
by [BVR17, DSSM18], which also rely on CSBM are focused on the fundamental limits of unsupervised
learning. Of particular relevance is the work by [BFJ21], which studies the performance of graph convolution
on CSBM as a semi-supervised learning problem. Finally, there have been a few related theoretical works on
understanding the performance and the universality of graph neural networks [CLB19, CPLM21, ZYZ™ 20,
XHLJ19, GJJ20, Lou20a, Lou20b]. However, compared to these works, we provide theoretical results that
characterize the precise performance of graph attention compared to graph convolution and no convolution
for CSBM with the goal of answering the particular questions that we imposed above.



2 Preliminaries

In this section, we describe the Contextual Stochastic Block Model (CSBM) [DSSM18] which serves as our
data model, and the Graph Attention mechanism [VCCT18].

Let d,n € N, and €y, ..., €, ~ Ber(1/2)?, and define two classes as Cy, = {j € [n] | ¢; = k} for k € {0,1}. For
each index i € [n], we set the feature vector X; € R% as X; ~ N((2¢; — 1), I1-02)3, where p € R?, o € R and
I € {0,1}9%4 is the identity matrix. For a given pair p, ¢ € [0, 1] we consider the stochastic adjacency matrix
A € {0,1}™*™ defined as follows. For ¢, j € [n] in the same class (i.e., intra-edge), we set a;; ~ Ber(p), and if
i,j are in different classes (i.e., inter-edge), we set a;; ~ Ber(q). We denote by (X, A) ~ CSBM(n,p, ¢, u, 0%)
a sample obtained according to the above random process. An advantage of CSBM is that it allows us
to control the noise by controlling the parameters of the distributions of the model. In particular, CSBM
allows us to control the distance of the means and the variance of the Gaussians, which are important for
controlling separability of the Gaussians. For example, fixing the variance, then the closer the means are the
more difficult the separability of the Gaussians becomes. Moreover, CSBM allows us to control the noise in
the graph, namely the difference between intra- and inter-class edge probabilities.

A single-head graph attention applies some weight function on the edges based on their node features (or

a mapping thereof). Given two representations h,, h; € RF" for two nodes i,j € [n], let U(h;, h;) def

a(Wh;, Wh;) where a : RF x RF' - R and W € RE*F' is a learnable matrix. We refer to the mapping ¥
as the attention model/mechanism with attention coefficients:

 def exp(¥(hi, hj))
Y Yen, exp(¥(hi, he))’

where NN; is the set of neighbors of node i. Letting f be some nonlinear activation function applied element-
wise, the graph attention convolution output is

h; = f(R}), where h.= Z A;ijvijWhy Vi€ [n].
Jj€ln]

A multi-head graph attention [VCCT18] uses K € N weight matrices W!,... WX ¢ REXF" and averages
their individual (single-head) outputs. We consider the most simplified case of a single graph attention layer
(i.e., ' =d and F = 1) where « is realized by an MLP using the LeakyRelu* activation function.

The CSBM model induces dataset features X € R"*¢ which are correlated through the graph G = ([n], F),
represented by an adjacency matrix A € {0,1}™*". A natural requirement of a good attention architecture
is to maintain intra-class edges in the graph (i.e. edges in C2 or C%)?, and ignore inter-class edges (i.e. edges
in either Cy x Cy or Cy x Cp), which makes a node from a class connected only to nodes from its own class.
More specifically, a node v will be connected to nodes coming from the same distribution as v. To study this
we will occasionally use the following definition of separability of edges. Given an attention model ¥, we say
that the model separates the edges, if the outputs ¥(X;, X;) satisfy

U(X;,X,) >0, if (4,j) € (CFUCH)NE, and ¥(X;,X;)<0, if (i,j) € E\ (CTUCH).

2Ber(-) denotes the Bernoulli distribution.

3The means of the mixture of Gaussians are . Our results can be easily generalized to general means. The current setting
makes our analysis simpler without loss of generality.

4LeakyRelu(x) is defined as x if z > 0 and Bz for some constant 3 € [0,1) otherwise.

5For two sets A and B we denote A x B = {(i,j) :i € A,j € B}, e.g., 002 =Co x Co ={(4,j) € [n] :i € Co,j € Co}.



3 Results

We consider two parameter regimes: the first (“easy regime”) is where ||u|| = w(o/logn), and the second
(“hard regime”) is where ||p|| = Ko for some 0 < K < O(y/logn). All of our results rely on a mild assumption
that lower bounds the sparsity of the graph generated by the CSBM model.

Assumption 1. p,q = Q(log>n/n), and p > ¢.%

3.1 “Easy Regime”

In this regime (||p|| = w(o\/Iogn)) we show that there exists a choice of attention architecture ¥, which is
able to separate the edges with high probability.

Theorem 1. Suppose that ||p|| = w(o/logn). Then, there exists a choice of attention architecture ¥ such
that with probability at least 1 — 0, (1) over the data (X, A) ~ CSBM(n,p,q, u,c?) it holds that ¥ separates
intra-edges from inter-edges.

We present two corollaries of the above theorem. The first corollary characterizes the attention coefficients
induced by using the architecture, ¥, from Theorem 1. In this regime, separability of the edges implies high
concentration for the attention coeflicients, ~;;. This shows the desired behavior of the attention mechanism—
it maintains intra-class edges and essentially ignores all inter-edges.

Corollary 2. Suppose that ||| = w(ov/logn). Then there exists a choice of attention architecture ¥ such
that with probability at least 1 — 0,(1) over the data (X, A) ~ CSBM(n,p,q, p,c?) it holds that if (i,7) is

intra-edge then ~;; = nlp(l +0,(1)), and v;; = o (m) otherwise.

Note that the attention coefficients which correspond to the intra-edges are much larger than the coefficients
of the inter-edges. This essentially means that the model ignores the inter-edges.

By using the above result on v;; we obtain a node classification result as well. In the following, we say that
the model separates the nodes if h, > 0 when i € C; and h} < 0 when i € Cj.

Corollary 3. Suppose that ||p|| = w(ov/logn). Then, there exists a choice of attention architecture ¥ such
that with probability at least 1 — 0,(1) over the data (X, A) ~ CSBM(n,p, q, u,0?2), the model separates the
nodes for any p,q satisfying Assumption 1.

The proof of this corollary is a consequence of Corollary 2. Intuitively, Corollary 2 implies that the means
of the convolved data should concentrate around the same means as the original data. On the other hand,
by the choice of p,q we expect that each node will be connected to ©(np) many intra-class nodes so that
the averaging operation reduces the variance significantly to ~ o /np. However, since the distance between
the new means is around 2||u|| = w(oy/logn) and the variance is much smaller than o2, we can expect to
achieve perfect node separability.

Nonetheless, in this regime, we prove that a simple linear classifier, which does not use the graph at all,
achieves perfect node separability with high probability. In particular, by a classical argument [And03], the
Bayes optimal classifier for the node features (without the graph)” is realized by a simple linear classifier,
which achieves perfect node separability with high probability.

6The assumption p > q is only required for the analyses for the “hard” regime.
7A Bayes optimal classifier makes the most probable prediction for a data point. Formally, for our scenario, such a classifier is
given by h*(x) = argmax.c (o1} Prly = c| @]



Proposition 4. Suppose ||u|| = Q(ov/logn), and let X be sampled from the Gaussian mizture model. Then,
the Bayes optimal classifier is realized by a linear classifier which achieves perfect node separability with
probability at least 1 — 0, (1) over X.

This implies that in the above regime, using the graph model is unnecessary, as it does not provide additional
power compared to simple logistic regression for the node classification task.

3.2 “Hard Regime”

In this regime (||p|| = Ko for K < O(y/logn)), we show that any attention architecture ¥ will fail to
separate the edges. The next theorem quantifies the misclassification of edge pairs that ¥ exhibits. Below
we define ®.(-) =1 — ®(-), where ®(-) denotes standard Gaussian CDF.

Theorem 5. Suppose ||p|l2 = Ko for some K > 0 and let ¥ be any attention mechanism. Then,

1. For any ¢ > 0, with probability at least 1 — O(n*C/), U fails to distinguish at least a 2- ®.(K)? fraction
of the inter-edges from the intra-edges.

2. Foranyk >1ifq> o n yhon with probability at least 1 — O (%) , U fails to distinguish
n

nd(K)2’ Ede(K)Zlogn

at least one inter-edge pair from the intra-edge pairs.

Part 1 of the theorem implies that if ||p]|2 is linear in the standard deviation, o, then with overwhelming
probability the attention mechanism fails to distinguish a constant fraction of inter-edge pairs from the
intra-edge pairs. Furthermore, part 2 of the theorem characterizes a regime for the inter-edge probability ¢
where the attention mechanism fails to distinguish at least one inter-edge node pair, by providing a lower
bound on ¢ in terms of the scale at which the distance between the means grows compared to the standard
deviation o. This aligns with the intuition that as we increase the distance between the means, it gets easier
for the attention mechanism to correctly distinguish the node pairs. However, if ¢ is also increased in the right
proportion (in other words, if the noise in the graph is increased), then the attention mechanism will still
fail to correctly distinguish at least one of the inter-edge node pairs. For instance, setting K = /2loglogn

and k = 4, we get that if ¢ > Q (%), then with probability at least 1/2, U misclassifies at least one

inter-edge.

As a motivating example, we focus our attention on one of the most popular attention architecture [VCCT18],
where a is a single layer neural network parametrized by (w, a,b) € R xR? xR with LeakyRelu as activation.
Namely, the attention coefficients are defined by

T
r |w X,
» exp (LeakyRelu <a {wTX]} + b))

Yij = T .
w Xi
> ten, €XP (LeakyRelu (aT . {wTXg] + b))

For the above attention mechanism, we show that with a very high probability most of the attention coeffi-
cients v;; are going to be ©(1/|N;|), which implies that the model fails to distinguish intra- and inter-edges.

Theorem 6 (informal). Assume that ||p|l2 < Ko and 0 < K’ for some constants K and K'. Moreover,
assume that the parameters (w,a,b) € R? x R? x R are bounded by a constant. Then, with probability at

least 1 — 0, (1) over the data (X, A) ~ CSBM(n,p,q, p,0?), at least 90% of ~v;; are © (ﬁ)

We explain the idea behind this result. When we consider the pair space (w?X;, w?X;), we can think
of each pair as a two-dimensional Gaussian vector, whose means are either (w” p,w?p), (—w’ p, w" n),



(w? p, —wT @) or (—wT p, —wT ). We need to classify the data corresponding to means (w? u, w? p) and
(—wTp, —wT p) as positive (i.e, intra-edges) and classify the data corresponding to the other means as
negative (i.e., inter-edges). This problem is known in the literature as the “XOR problem” [MP69]. As the
distance between the means is linear in the standard deviation, we can expect a high overlap in the high
probability support of all four distributions. Therefore, any linear classifier will misclassify a large fraction
of the pairs. In fact, it is quite easy to show that for any distance between the means a linear classifier fails
on the XOR problem.

Compared to the easy regime, it seems difficult to obtain a separation result for the nodes. In the easy
regime, the distance between the means was significantly larger than the standard deviation, which made
the “signal” (the expectation of the convolved data) dominate the “noise” (i.e., the variance of the convolved
data). In the current regime where the distance between the means is rather small, we get that the “noise”
dominates the “signal”. Nonetheless, we conjecture the following.

Conjecture 7. Suppose that |p||2 < Ko and 0 < K’ for some constants K and K'. Then, any single layer
graph attention model fails to perfectly classify the nodes with high probability when p—q = O (a\/ (log n)/A) s
where A is the expected degree.

The above conjecture means that if p and ¢ are close then any graph attention model will fail to perfectly
classify the nodes. This implies that in the hard regime the performance of the graph attention model depends
on ¢ as opposed to the easy regime, where in Theorem 3 we show that it doesn’t. This property is verified by
our synthetic experiments in Figures 1c and 1f. The o+/(logn)/A bound comes from our conjecture that the
expected maximum of the graph convolved data (with attention) over the nodes is at least coy/(logn)/A
for some constant ¢ > 0.

4 Experiments

In this section, we demonstrate empirically our results in Section 3 on synthetic and real data. The parameters
of the models that we experiment with are set by using an ansatz based on our theorems. The particular
details are given in the supplementary material. Also, in the supplementary material, we provide experiments
on real data where PyTorch Geometric [FL19] is used to train the models. The results are similar to the main
paper, we provide discussion when there are discrepancies. With two exemptions in Figures le and 2b, in all
our experiments we use MLP-GAT, where the attention mechanism W is set to be a two-layer network using
the LeakyRelu activation function. The exemptions are made to demonstrate Theorem 6. We demonstrate
more results for the original GAT [VCC™18] mechanism with two heads in the supplementary material.

4.1 Synthetic data

We use the CSBM to generate the data. We present two sets of experiments. In the first set we fix the distance
between the means and vary ¢, and in the second set, we fix ¢ and vary the distance. We set n = 1000,
d =mn/log*(n), p=0.5 and o = 0.1. Results are averaged over 10 trials.

4.1.1 Fixing the distance between the means and varying q

We consider the two regimes separately, where for the “easy regime” we fix the mean @ to be a vector
where each coordinate is equal to 100\/logn2/2v/d. This guarantees that the distance between the means is
100+/logn?. In the “hard regime” we fix the mean p to a vector where each coordinate is equal to O’/\/E,
and this guarantees that the distance is 0. We vary ¢ from log? (n)/n to p.



In Figure 1 we illustrate Theorem 1 and Corollaries 2, 3 for the easy regime, and Theorems 5, 6 for the hard
regime. In particular, in Figure la we show Theorem 1, MLP-GAT is able to classify intra and inter edges
perfectly. In Figure 1b we show that in the easy regime, the v that correspond to intra-edges concentrate
around 2/np for MLP-GAT, while the ~ for the inter-edges concentrate to tiny values, as proved in Corollary 2.
In Figure 1c we observe that the performance of MLP-GAT for node classification is independent of ¢ in
the easy regime as is proved in Corollary 3. However, in this plot, we observe that not using the graph also
achieves perfect node classification, a result which is proved in Proposition 4. In the same plot, we also show
the performance of uniform graph convolution [KW17], where its performance depends on ¢ (see [BFJ21]).
In Figure 1d we show Theorem 5, MLP-GAT misclassifies a constant fraction of the intra and inter edges as
proved in Theorem 5. In Figure le we show Theorem 6, v in the hard regime concentrate around uniform
(GCN) coefficients for both MLP-GAT and GAT. In Figure 1f we illustrate that node classification accuracy
is a function of g for MLP-GAT. This is conjectured in Conjecture 7.
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Figure 1: Demonstration of Theorem 1 and Corollaries 2, 3 for the easy regime, and Theorems 5, 6 for
the hard regime. The first row of figures demonstrates the former results and the second row of figures
demonstrates the latter results. The shaded areas show standard deviation.

4.1.2 Fixing q and varying the distance between the means

We consider the case where ¢ = 0.1. In the supplementary material, we also demonstrate the case where
q = 0.4. The results are similar in this case too. In Figure 2 we show how the attention coefficients of MLP-
GAT and GAT, the node and edge classification depend on the distance between the means. We also add
a vertical line at o to approximately separate the easy (left of o) and hard (right of o) regimes. Figure 2a
illustrates Theorems 1 and 5 in the hard and easy regimes, respectively. In particular, we observe that in the
hard regime MLP-GAT fails to distinguish intra from inter edges, while in the easy regime it is able to do
that perfectly for a large enough distance between the means.

In Figure 2b we observe that in the hard regime - concentrate around the uniform (GCN) coefficients, while
in the easy regime MLP-GAT is able to maintain the ~ for the intra edges, while it sets the ~ to tiny values
for the inter edges. In Figure 2c. we observe that in the hard regime v of GAT concentrate around the



uniform coefficients (proved in Theorem 6), while in the easy regime although the v concentrate, GAT is
not able to distinguish intra from inter edges. This makes sense since the separation of edges can’t be done
by simple linear classifiers that GAT is using, see the discussion below Theorem 6. Finally, in Figure 2d we
show node classification results for MLP-GAT. In the easy regime we observe perfect classification as proved
in Corollary 3. However, as the distance between the means decreases, we observe that MLP-GAT starts to
misclassify nodes.
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Figure 2: Attention coefficients of MLP-GAT and GAT, node and edge classification as a function of the
distance between the means. The shaded areas in our plots show standard deviation.

4.2 Real data

In this experiment, we illustrate the attention coefficients, node and edge classification for MLP-GAT as a
function of the distance between the means on real data. We use the popular real data Cora, PubMed, and
CiteSeer. These data are publicly available and can be downloaded from [FL19]. The datasets come with
multiple classes, however, for each of our experiments we do a one-v.s.-all classification for a single class.
This is a semi-supervised problem, only a fraction of the training nodes have labels. The rest of the nodes
are used for measuring prediction accuracy. To control the distance between the means of problem we use
the true labels to determine the class of each node and then we compute the empirical mean for each class.
We subtract the empirical means from their corresponding classes and we also add means p and —p to each
class, respectively. This modification can be thought of as translating the mean of the distribution of the
data for each class.

The results of this experiment are shown in Figure 3. In this figure we show results only for class 0 of each
dataset, for results on other classes see the supplementary material. The results are similar. We note that in
the real data we also observe similar behavior of MLP-GAT in the easy and hard regimes as for the synthetic
data. In particular, for all datasets as the distance of means increases, MLP-GAT is able to accurately classify
the intra and inter edges, see Figures 3a, 3d and 3g. Moreover, as the distance between the means increases,
the average intra v becomes much larger than the average inter v, see Figures 3b, 3e and 3h, and the model
is able to classify the nodes accurately, see Figures 3c, 3f and 3i. On the contrary, in the same figures, we



observe that as the distance of the means decreases then MLP-GAT is not able to separate intra from inter
edges, the averaged ~y are very close to uniform coefficients and the model can’t classify the nodes accurately.
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Figure 3: Attention coefficients, node and edge classification for MLP-GAT as a function of the distance
between the means for real data.

Note that Figure 3 does not show the standard deviation for the attention coefficients v. We show the
standard deviation of v in Figure 4. We observe that the standard deviation is higher than what we observed
in the synthetic data. In particular, it can be more than half of the averaged . This is to be expected since
for the real data the degrees of the nodes do not concentrate as well. In Figure 4 we show that the standard
deviation of the uniform coefficients 1/|V;| is also high and that the standard deviation of v is similar to
that of 1/|V;| for intra-class -y, while the deviation for inter-class 7 is large for a small distance between the
means, but it gets much smaller as the distance increases.

5 Conclusion and future work

We show that graph attention improves robustness to noise in graph structure in an “easy” regime, where
the graph is not needed at all. We also show that graph attention may not be very useful in a “hard”
regime where the node features are noisy. Our work shows that single-layer graph attention has limited
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Figure 4: Standard deviation for attention coefficients of MLP-GAT.

power at distinguishing intra- from inter-class edges. Given the empirical successes of graph attention and
its many variants, a promising future work is to study the power of multi-layer graph attention mechanisms
for distinguishing intra- and inter-class edges.
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A Proofs

A.1 General Results

We first start by stating some standard definitions and probability tools which will be used throughout
this work. The first definition is regarding sub-Gaussian random variables. Those random variables are
characterized by their tail decay.

Definition A.1 ([Verl8]). We say that a random variable z follows sub-Gaussian distribution if there are
positive constants C,v such that for everyt >0

Pr[|z — E[z]| > t] < Cexp(—vt?).

Equivalently, z is sub-Gaussian if E[exp(a(z — E[2])?)] < 2 for some a > 0 (this condition is known as
o-condition,).

The following lemma discuss the behavior of the maxima of sub-Gaussian random variables.

Lemma A.2 ([RH15)). Let @1,...,z, be sub-Gaussian random variables with the same mean and sub-
Gaussian parameter 2. Then,
E [m:[au]( (x; — E[m,])} < o+/2logn.
emn

Moreover, for anyt >0

t2
Pr |max (z; — E[z;]) > t| <2nexp| —== | .
i€[n] 262

Next, we define Lipschitz functions, and state the LeakyRelu is Lipschitz.

Definition A.3. Let (X,dx) and (V,dy) be metric spaces. A function f : X — Y is called L-Lipschitz if
there is L € R such that for every u,v € X

dy(f(u), f(v)) < L-dx(u,v).
Fact A.4 ([Verl8]). LeakyRelu is L-Lipschitz with L < 1.
Next, for completeness, we state two forms (additive and multiplicative) of Chernoff bounds used in this
work.

Lemma A.5 ([AS04, Hanl4, Verl8]). Let x1,...,Xn be identical independent random variables ranging in
[0,1], and let p = E[x1]. Then for any € € (0,1), it holds that

1 e’n
P - 7 2 - 5
r n g X pl > €| <2exp < )

i€[n]

and for any v € (0,2], it holds that

1 ~2pn
P — i —D| > <2 — .
r|l|- _ez[:] Xi —p| >p| < 2exp ( .
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In order to prove Theorem 1 we will need the following concentration result on LeakyRelu whose constant
denoted by 3. Fix (w,a) € RY x R? and for i, j € [n] let

(a1 +a2)wp, o*lal?w]?)  ifijeCy
X+ At X, 4 V@ — T PlalPll) e Ch e
v l TN (ar - a)w’, ofalPlw]?) tieCy e
(-

(a1 + ax)w’ p, o?|la|?|wl]*) ifi,j € Co

2222

Lemma A.6. There exists an absolute constant C > 0 such that with probability at least 1 — 0, (1), we have

= LeakyRelu ((a; + a2)w” p) + Co|a||w|\/2logn, ifi,j € Ci,
LeakyRelu (a1 — az)w” p) + Colla|/|w|/2logn, ifi€ Ci,j € Co,
LeakyRelu (—(a; — az)w” p) £+ Colla||lw|\/2logn, ifie Cy,je Cy,
= LeakyRelu (—(a; + az)w u) + Col|al|||w|\/2logn, ifi,j e Co.

LeakyRelu(z;;

(

LeakyRelu(z;;
(
(

LeakyRelu(z;;

)
)
)
LeakyRelu(z;;)

Proof: Since for every i,j € [n]? the random variable z;; follows a normal distribution, by definition it is

sub-Gaussian with parameter c¢-/Var|z;;| for ¢ > 1 large enough constant (see definition A.1). By Fact A.4,
LeakyRelu is L-Lipschitz function with L <1

E [exp ((LeakyRelu(z) — E[LeakyRelu(z)])2>]

K2
— B o (ZE FED)] 1)

Setting K = ¢ /Var[z] - L, implies that (1) is bounded above by 2, which means that Leaky-Relu is
sub-Gaussian with parameter ¢ - \/Var[z] - L (see [Verl8]). Therefore for any ¢ > 0,

K2

z

[exp (Ez/ [LeakyRelu(z) — LeakyRelu(2')]? )}

t2
_ >t < —_— | .
I;r [|[LeakyRelu(z) — E [LeakyRelu(z)] | > t] < 2exp ( c2L2Var[z]) (2)

Setting ¢ = 10cL+/Var[z]logn, and applying a union bound over all i,j € [n]?, we get that with probability
at least 1 — —35, the complement of (2) holds for all 7,5 € [n]?.

Next, we estimate E[LeakyRelu(z)]. For any ¢ > 0 we have
E[LeakyRelu(z)] = E[LeakyRelu(2) - 1{,—g[2)|<}] + E[LeakyRelu(z) - 11 ._g[2]|>¢1]-
We consider both terms separately. First, note
E[LeakyRelu(z) - 1{,_g[z)<¢}]) = E[LeakyRelu(z) | |z — E[z]| < t'] - Pr[|z — E[2]| < t'].
By writing z = E[z] + y/Var[z] - g, for g ~ N(0,1) and using Lipschitz continuity of the Leaky-Relu
E [LeakyRelu(z) | |z — E[z]| < | = E {LeakyRelu(E[z] +/Var[z] - g) | \/Var[z]|g] < t’}
= [LeakyRelu(E[z] ) — Lt', LeakyRelu(E[z]) + Lt’]. (3)

Hence by using sub-Gaussian concentration,

E[LeakyRelu(z) - 1{._g[z]|<¢/}] (1 - 26 2"“[’])> (LeakyRelu(E[z] — Lt')),

E[LeakyRelu(z) - 1{j.—g[z)<¢}] < LeakyRelu(E[z]) + Lt'.
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For the second summand, we apply Cauchy-Schwartz inequality and Lipshitzness of LeakyRelu

|E [LeakyRelu(z) - 1{jz—g[z)>¢}]| < VE[|LeakyRelu(z)|2] - Pr[|z — E[2]| > t]

< \/ 2LP(E[2]? + Var[z]) exp (‘WtH)

< LE[z]\/Q exp (2&[4) + L\/2Var[z] exp (QV;j[,z]) 5)

Setting ¢’ = 104/2Var|z]logn, and combining Equations (4) and (5) results in

L2
E[LeakyRelu(z)] < LeakyRelu(E[z]) + 10L/2Var|z] log 11 + Lﬁ5E[z] + Zoar[z], (6)
n n

E[LeakyRelu(z)] > (1 1200) (LeakyRelu ]) — 10L\/2Var[z] 10gn) E[z]n -;O Var[z]) 1)

Combining Equations (3), (6), (7) using the choice of t, we have that with a probability of at least 1—O(1/n%)
for all 4, j € [n]

L\/i (E[ZZ]] + Var[zij})
LeakyRelu(z;;) < LeakyRelu(E[z;;]) + 20L(c + 1)4/2Var(z;;] logn + =5 . (8)
n

2
LeakyRelu(z;;) > (1 - nlOO) (LeakyRelu(E[zij]) —20(c+ 1)L4/2Var(z;;] log n>

LV2(E[z;; Var(z;;
RALLLIRAVATENIY o)

We henceforth condition on this event. Recall that we have that

LeakyRelu(E[z;;]) = LeakyRelu((a; + a2)w” u) fori,j € Cy (10)
LeakyRelu(E[z;;]) = LeakyRelu((a; — as)w” p) forie Cy, j€Cy (11)
LeakyRelu(E[z;;]) = LeakyRelu(—(a; — az)w” p) for i € Cy, j € Cy (12)
LeakyRelu(E|z;;]) = LeakyRelu(—(a; + az)w” p) for i,5 € Cp. (13)
Using Equations (8)-(13) we have that for i,j € C;
LeakyRelu(z;;) = LeakyRelu (a1 + a2)w” p) £ 20L(c + 1)o]|al|||w|/2logn.
The results for all other cases of i, j follow similarly. |

The following statement considers the optimal Bayes classifier for data generated by the Gaussian mixture
model.

Lemma A.7 (See section 6.4 in [And03]). Let (X,A) ~ CSBM(n,p,q,p,0?). Then, the optimal Bayes
classifier for X is realized by the linear classifier.

0 ifxeTpu<o0
hay =0 IE R0
1 ifx"pu>0
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Proof: For a given data point & and label y € {0, 1}, the Bayes classifier is given by

h(x) =argmaxPry =c| x].

ce{0,1}
Note that since the class membership variables ey, ..., €, ~ Ber(1/2) are independent, we have Pr[y = 0] = %
and Prly = 1] = 1. Therefore, by Bayes rule
_ _ Pr[y:C]fw\y(m |y:C) _ 1
Prly=c| x| = = e
Prly = 0]fzjy—o(x |y = 0) + Prly = 1] fop—1(x [y =1) 14 Jaly(®ly=1-c)

Assume that = € Cp, we have that h(x) = 0 if and only if Pr[y = 0 | «] > 1/2. Therefore, if we consider
class ¢ = 0 we need that Z=(&Y=0 <4 pag is,

@y =1) _ exp (- ghalle - ul?) 1 2 :
= o — o _ . < 1
Jajy(®|y=0) exp (—ﬁ |z +H||2) 202 (Ha} al 2+ ) =5

which implies that =7 @ < 0. Similarly, for label ¢ = 1 we get that 2”7 > 0. Hence, the Bayes classifier is
given by
0 ifx"u<0
) =9, L oHE
1 ife'pu>0
which is a linear classifier. [ |

The next lemma relates the fraction of misclassifications of the Bayes optimal classifier to the norm |||
(and thus to the distance between the means).

Lemma A.8. Assuming independence of the underlying data X, the following holds for the Bayes classifier.

1. If |p]] > ov/2logn then with a probability of at least 1 — 0,(1), the Bayes classifier separates the data.

2. If |p|| = Ko forw(l) < K < ov/2logn, then for any k > 1 with a probability of at least 1 —O (ﬁ)

the number of misclassified nodes is ®'n (1 + 4'}:‘/’5"), where & < 1 —®(K) and ® denote the CDF

of standard Gaussian.
3. If ||l = Ko for K = O(1), then with a probability of at least 1 — 0, (1), the number of misclassified

nodes is at least ®'n(l — 0,(1)) where &' > (KQL_H) : \/% exp (—%)

Proof: Fix i € [n] and write
x; = (2¢, — D)+ og; where g; ~ N(0,1).

Assume ¢; = 0 and consider the Bayes classifier from Lemma A.7. Then, the probability of misclassification

1S
T
Prlz{p > 0] = Pr {g”‘ >”“”] :1-@(”“”>,
el = o o

where the last equality follows from the fact that Sﬁ;TjHL ~ N(0,1).

Suppose ||| > o+/2logn. By using standard tail bounds for normal distribution [Ver18],

||H||> ( ||u||2> n!
1-¢| — | <——exp| — < .
( o ) || -V2r P 202 ) ~ \/4mlogn

16



Therefore, the probability that there exists ¢ € Cy which is misclassified is at most 2\/% =o(1). A
7logn

similar argument can be applied to the case where ¢ € C, and an application of a union bound on the events

that there is ¢ € [n] which is misclassified finishes the proof of this case.

Next, consider the case where ||p]| = Ko for w(l) < K < oy/2logn. We have that for class ¢; = 0 the
misclassification probability is

Y 3 (K).
Therefore, by applying additive Chernoff bound, we have that for any « > 1

®'n(l£o(1 2
Z 1i misclassified ¢ <n(0()) + k®'n ].Og n)‘| S Wa

P
r ' B)
i€Co

and similarly for ¢; = 1. Applying a union bound over the two classes finishes the proof of this case.

Finally, consider the case where ||p|| = Ko for some constant K > 0. For class ¢; = 0, we have that the
misclassification probability is lower-bounded by

P (K) > <K2K+1) L oo (—If) = Q(1).

Ver

Therefore, by applying the Chernoff bound, we have that with a probability of at least 1 — o(1) we have that

d'n
Pr Z 1 misclassified < D) (1 - 0(1))] = l/pOIY(n)'
1€Cp
By a similar argument for ¢; = 1 and a union bound, the result follows. |

A.2 Proof of Theorem 1 and its implications

In this subsection, we will show that there exists a choice of attention architecture ¥ that allows the model
to ignore all inter-class edges and keep only intra-class edges. We restate the theorem for convenience

Theorem. Suppose that ||| = w(ov/Togn). Then, there exists a choice of attention architecture ¥ such that
with a probability of at least 1 — 0, (1) over the data (X, A) ~ CSBM(n,p,q, u,c?) it holds that ¥ separates
intra-edges from inter-edges.

Proof: We consider as an ansatz the following two layer architecture W.

1 1
- def M def [—1 -1 def
W= —, S = e r=R-[1 1 -1 -1]

-1 1

where R > 0 is an arbitrary scaling parameter. The output of the attention model is defined as

wl'X;
r - LeakyRelu (S : |:'IIJTXJ':|) .

i
Denote the input of LeakyRelu(-) by A;; g, [gT;(l
J

Si1wTX; + St721I}TXj. Recall that the random variable (A;;): = Si1wTX; + St,ﬂI)TXj is distributed as
follows:

€ R*, and note that for ¢ € [4], we have (A;;): =
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N((Si1+Sio)wTp, ||Si)?0?) ifi,jeC

N((St.1 — Sio)wTp, ||S:||20?) ifie Oy, j€Co
(—(St1 —Si2)w p, ||Se]20?) ificCy, jeC

(—=(Se1 + Se2)w p, ||S¢]?02) ifi,j € Cy

(Aij)e = Si1w X, + St,z’leXj ~\ N
N

We work on each of the four coordinates separately. Assume ¢ = 1. In such a case, we have that

N@lull, 20%) i e
N(0, 202%) ifieCy, jely

(Aij)1 ~ 9 o . .
N(0, 20°) ifi e Cy, jeCy
N(- 2||u|| 2% ifi,j € Co

Using our results for the LeakyRelu concentration in Lemma A.6 and our assumption on the norm of u, we
have that with a probability of at least 1 — 0,(1),

2ul(L+o(l)  ifijeCy

LeakyRelu((A;);) = +2Co+/logn ifieCy, jely
Y V7 Lo0gy/Togn ificCy, jeC’

—26pl(T £ o(1)) ifi,j € Co

Using a similar argument we get

—2B||pl (1 £ 0(1)) ifi,jeCh
LeakyRelu((Ay)a) = 4 —2CV1ogn ifieCy,jeCo
+2Cov/logn ifi € Gy, j €O
2lpll(T+0(1))  ifijeCo
+2C0/logn if 3,5 € C
LeakyRelu((Ay)y) = 4 MMl £ o) ifi € Gy, je Co
=28||lpl(1 +£0(1)) ifi€ Co, jE€Cr
+2Co/logn ifi,5 € Co
+2Co+/logn ifi,j € Cy
LeakyRelu((A;;)4) = —28||pl|(1 £ o(1)) 1f1 € (1, j € Cy '
2[[pll(1 £ 0(1)) ifi e Cy, j €Oy
+2C0/logn if 4,5 € Co

Applying a union bound over the four coordinates of the vector A;;, we get that the above event holds with
probability at least 1 — 0,(1) for all ¢.

Next, we examine the second layer of the architecture. Suppose i, j € C; so that
LeakyRelu(A;;) = [2]|u]|(1 £0(1)) —28|pl|(1 £0(1)) +2Cov/logn +2Co+/logn] .
Then,

r - LeakyRelu(A;;) = 2R||p|/(1 — 8)(1 £ 0(1)) £ 4RCo+/logn = 2R||p|| (1 — 8)(1 £ o(1)).
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By applying a similar reasoning to the over pairs

2R[|p)|(1=B)(L£0(1)) ifijeCy
2R[|p|(1 = B)(1£0(1))  ifi,je Co
—2R|[u]|(1 = B)( 1)) ifieCy, jeCo’

r - LeakyRelu(A;;) = 1+ of
0
—2R|pl|(1 = B)(L£0(1)) ifieCo, jeCr
and the proof is complete. |

Next, we define a high probability event under which we can obtain some interesting corollaries.

Definition A.9. Event £* is the intersection of the following events over the randomness of A and {€;};
and X;,

1. &1 is the event that |Co| = 5 + O(v/nlogn) and |C1| = § £ O(y/nlogn).

2. €, is the event that for each i € [n], Dy; = @ (1 + \/1100ﬂ>'

3. Es is the event that for each i € [n], |Co N N;| = Dy; - U=cdpteia <1j: 10 ) and |Chy N N;| =

p+q Viegn
. (—ei)gteip 10
D, - 1= (1 + Tgn),

4. &4 1is the event that for each i € [n],

w'X; — E [w'X;]| < 100y/Iogn.

The next lemma is a straightforward application of Chernoff bound and a union bound (originally proved
in [BFJ21))

Lemma A.10. With probability at least 1 — 1/poly(n) event £" holds.

We present two corollaries of Theorem A.2. The first is regarding the values of v;;.

Corollary 8. Suppose that ||p|| = w(oy/logn). Then, there exists a choice of attention architecture ¥ such
that with probability at least 1 — 0, (1) over the data (X, A) ~ CSBM(n,p,q, p,c?) it holds that

Z(1£0(1) ifi,jeCh
Z(1£0(1)) ifi,jeCy

n
Vij = Om ZfZECl,]EC()
om ifi € Cy, j €C

Proof: The proof is straightforward. First, we use Theorem A.2 (pick any R such that R|p| = w(1)),
Lemma A.10 and apply a union bound. Next, we use the definition of the attention coefficients to conclude
the result. |

Next, we show that the model separates the nodes for any choice of p, g satisfying Assumption 1.

Corollary 9. Suppose that ||p|| = w(o/logn). Then, there exists a choice of attention architecture ¥ such
that with probability at least 1 — 0, (1) over the data (X, A) ~ CSBM(n,p,q, u,0%), GAT separates the data
for any p, q satisfying Assumption 1.

Proof: Consider the same ansatz described in Theorem A.2 (pick any R such that R||p|| = w(1)). Assume
that ¢ € Cy (the case for i € Cy follows similarly), and let

~ def T
r;, = E %-j'w Xj.

JEN;
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We would like to compute the conditional mean and variance of &; given £*. By using Corollary 8 we have

JEN;

el = E| Y o™X+ Y ulX
JECHNN; JECINN;

2
< N - . _
< [Ny (npu £o(1) (Il + 100\/10gn)) LCon N ( (n(p+q)) (~lrale + 100\/logn))
ng(1 + o(1))
= 1+0(1 1 1 - -1 1
lial21 = 0(1)) + 100 logm — 55 e = 55 (Jallz — 100 log )

= [lpll2(1 £ o(1)).

Similarly,
E Z Vi W XGIEX | > ||pll2(1 £ 0(1)) — 100/ logn — el £o(l) (HN||2 + 100\/logn)
= 2-w(n(p+q)
= [[ufl2(1 £ o(1)).

Using the same reasoning, we get for i € Co, E[#;|E¥] = —||p|2(1 £ 0(1)).

Next, we claim that for each i € [n] the random variable &; given £* is sub-Gaussian with a small sub-
Gaussian constant compared to the above expectation.

Lemma A.11. Conditioned on E*, the random variables {&;}; are sub-Gaussian with parameter ¢ =

0(%).

Proof: For i € [n], write X; = (2¢; — 1) + 0g; where g; ~ N(0,1;), ¢, =0if i € Cp and ¢; = 1 if i € C}.
Let us consider #; as a function of g = [g1]|gz]| - - - [|gn] € R™?, where || denotes vertical concatenation. That
is, let us consider the function

& = £i(9) Y () 67 (2¢; - Dt ogy). i€ [nl

Because g ~ N(0,1,4), in order to see that &; given £ is sub-Gaussian for each i € [n], it suffices to show
that the function f; : R®* — R is Lipschitz over the subset £ C R"® identified by £* and the relation
X; = (2¢; — )y + og;, that is, B % {g e R | [wTg;| < 10y/logn,Vi € [n]}. In particular, we will show
that, conditioning on the event £° (which imposes the restriction that g € E), the Lipschitz constant Ly, of
fi satisfies Ly, = O(=%) for all ¢ € [n], and hence proving the claim.

Vnp
To compute the Lipschitz constant of f;(g) for i € [n], let us denote X = [X;||Xz|| - - - | X,] and consider the
function

r def ~ .
fiX)=E D X)) @"X;, i€ (n]
JEN;
Let us assume without loss of generality that ¢ € Cy (the case for ¢ € Cy yields the same result and is

obtained identically). Conditioning on the event £*, which imposes the restriction that X € E where E %
{X eR™ | |X; — (2¢; — 1)p| < 100y/ITogn, Vi € [n]}, we know by Corollary 8 that ;;(X) = n%,(l +o(1)) if
j € Cpand v;;(X) = nlp exp(—O(R||u|)))(1£0(1)) if j € Cy. Conditioning on £* (which restricts X, X’ € E),
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and recalling that R satisfies R||pu|| = w(1), we get

5 N 21+ 0(1)) _p 2(1+0(1)) _o T
fiX) = fiX)| = | > T (X5 —Xj) + | > T ¢ (e ep™ (X5 — X))
JEN,NCyh JEN,NC1
2 (14 0(1))w if j e N;nCoy] "
= || mp exP(=O(R|ul)) (X £ o(1))w if j € NyNnCy (X -X)
0 if j ¢ N; il
%(110(1))15 if j € N;nCo
< |\ |75 eP(=OR[pl))(1£o)w if j e N;NCy X =X,
0 if j ¢ N; semlly

< \/Z“ T o)z I1X - X/,

= nlp(l +0(1)) |X = X'||, .

This shows the Lipschitz constant of fZ(X) over E satisfies L ;= 0] <¢%) On the other hand, by viewing

X as a function of g, it is straightforward to see that the function h(g) : R™ — R™? defined by h(g) def X(g)

has Lipschitz constant Ly = o, as

1h(g) = h(g")ll2 = || | (2€i = D+ 09 — |26 —Dp +og; =0lg—g'll-

i€[n] : i€[n]||o

Therefore, since f;(g) = ﬁ(h(g)) and g € E if and only if X € E, we have that, conditioning on £, the

function &; = f;(g) is Lipschitz continuous with Lipschitz constant Ly, = L fln=0 (\/LTT])) Now, because

g ~ N(0,1,4), we know that &; is sub-Gaussian with sub-Gaussian constant 52 = Lfc =0 (%) Since our

choice of 7 was arbitrary, this proves the claim.

Now, we have all the tools to finish the proof of the theorem. We bound the probability of misclassification

Pr [maxﬁci > 0} <Pr {max:fﬁi >t + E[:il]] ,
1€Co 1€Co

for ¢t < |E[z;]| = ||p|l(1 £ 0(1)). By Lemma A.11, picking ¢t = © (m/log|Co|) and applying Lemma A.2
implies that the above probability is 1/poly(n).

Similarly for class C; we have that the misclassification probability is

Pr [min z; < O] =Pr {— max(—&;) < 0} =Pr [max(—:ii) > 0] <Pr [max—:ﬁi >t —E[z]],
i€eCy i€Cq i€Cy i€Cq

for t < E[2;]. Picking t = © (0\/10g |Cl|) and applying Lemma A.2 and a union bound over the misclassi-
fication probabilities of both classes conclude the proof of the corollary. |

A.3 Proof of Proposition 4

We start by restating the proposition for convenience.
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Proposition. Suppose ||| = Q(ov/logn), and let (X,-) ~ CSBM(n,-, -, u,02). Then, the Bayes optimal
classifier is realized by a linear classifier which achieves perfect node separability with probability at least
1 —o0,(1) over X.

Proof: The proof follows by first applying Lemma A.7 to deduce that a linear classifier obtains the optimal
performance and then applying Case (1) of Lemma A.8. |

A.4 Proof of Theorem 5

The goal of the attention mechanism is to separate the pairs of nodes (X;,X;) based on whether 4, j are in
the same class or different classes. We say i ~ j if both ¢ and j are in the same class Cy or Cy, and i »= j

. . . . X;
otherwise. Let X7, denote the vector obtained as a result of concatenating X; and X, i.e., X}, = X’)

J
Then we would like to analyze all classifiers with the property

0 2y
=h(X.)= .
y = hXy) {1 im
To comment on the limitations of all such classifiers, it is sufficient to analyze the Bayes classifier for this data
model, since by definition a Bayes classifier is optimal. The following lemma describes the optimal classifier
for this classification task.

Lemma A.12. The optimal (Bayes) classifier that serves as the attention mechanism for the pairs ng 15
realized by the following function.

’

B () = {O if p cosh (m:# ) < qcosh("’;”l) .

1  otherwise

Proof: Recall that |Co| = |C1| = 5. Hence, X}, is a uniform mixture of four 2d-dimensional Gaussian

distributions. Let p' = (Z ) and v/ = ( K u). Then the four Gaussian distributions are

N(w',0%I) i€ CojeCo

X N(—w',0%I) i€Cy,jeC
K NW',o%) i€CyjecCy
N(—V/7J2I) 1€ C,j€Cy

The optimal classifier is then given by

h*(x) = argmaxPr[y = ¢ | z].
ce{0,1}

Note that Pr[y = 0] = ¢ and Pr[y = 1] = p. Thus, by Bayes rule we obtain that

Pr[y:c|;c]: Pr[y:c]-fm|y(m|y:c) _ 1
Prly = 0lfapy—o(@ |y = 0) + Prly = Ufopa(@ [y =1) 14 Plziodenzh=1o0

Suppose that x = X;j such that ¢ » j. Then h*(x) = 0 if and only if Prjy =0 | =] > % Hence, for ¢ = 0 we
- f — sh 1 .,7T,/
require % < 1, which implies that %zhgl%

for h*(x) = 1. |

< 1. Similarly, we obtain the reverse condition
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The next theorem uses A.12 to precisely quantify the misclassification of node pairs that the attention
mechanism exhibits. In particular, part 1 of the theorem implies that if ||u||2 is linear in the standard
deviation, o, then with overwhelming probability the attention mechanism fails to distinguish a constant
fraction of inter-edge pairs from the intra-edge pairs.

Furthermore, part 2 of the theorem characterizes a regime for the inter-edge probability ¢ where the attention
mechanism fails to distinguish at least one inter-edge node pair, by providing a lower bound on ¢ in terms
of the scale at which the distance between the means grows compared to the standard deviation o. This
aligns with the intuition that as we increase the distance between the means, it gets easier for the attention
mechanism to correctly distinguish the node pairs. However, if ¢ is also increased in the right proportion, or
in other words, if the noise in the graph is increased, then the attention mechanism will still fail to correctly
distinguish at least one of the inter-edge node pairs.

We restate the theorem for the readers’ convenience.

Theorem (Restatement of Theorem 5). Assume that ¢ = Q(@) and let U be any attention mechanism.

Let @.(+) E ®(-), where ® is the standard normal CDF. Then for any K > 0 if ||p|l2 = Ko then we

have:

1. For any ¢ > 0, with probability at least 1 — O(n™°), the attention mechanism ¥ fails to distinguish at
least 2®.(K)? fraction of the inter-edge pairs (X;,X;),i » j from the intra-edge pairs (X;,X;),i ~ j.

klog?n

2. Foranyk >11ifq> b (K27 then with probability at least 1 —O (

pair is indistinguishable from the intra-edge pairs under V.

1
L CI‘C(I()2 log n

), at least one inter-edge

Proof: From A.12, we observe that for successful classification by the optimal classifier, we need

T,,’ T,,!
T 'y
pcosh( Ugb)chosh( o2 ) for i = 7,

T,,’ T,,!
T v
pcosh( 05>>qcosh< = ) for i ~ j.

Let us focus on the case where i ~ j. We want

T,,’ T,, T,/ T,,
x zlv x v

pcosh( 2“) < qcosh( 5 ) = cosh< 2“) < cosh( 5 > — |27y < 2TV
o o o o

In the first implication, we used that ¢ < p, while the second implication follows from the fact that cosh(a) <
cosh(b) == |a| < [b] for all a,b € R. Therefore, we can upper bound the probability that X;; is correctly
classified by the probability of the event |X;jTu’| < |X;jTV’\. Writing X; = p+ 0g; and X; = —p + og;, we
have that for i € Cy and j € Cy,

Pr[h*(X.,) = r[ T < X[
= Pr [|X{ p+ X] p| < [XTp—X] pl]

=Pr[olg/ u+gj pl <|£2|pl3+og] n—og] pl]
" N 2| pll2

<Pr {|gl p+g) il =gl p—gf il < %

=Pr|lg] i+ 9] il — 9! i — g ] < 2K]

where i = m In the second to last step above, we used triangle inequality to pull 2||u||3 outside the
absolute value, while in the last equation we use |||l = Ko.
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z; — zj| < 2K], where

We now denote z; = g; f1 for all i € [n]. Then the above probability is Pr||z; + z;| —
zi, z; ~ N(0,1) are independent random variables. Note that we have

Pr[n*(X};) = 0] < Pr[z; + 2| — |2 — zj| < 2K]
=Prl|z; + zj| — |z — z;| < 2K, |z| < K]+ Pr{|z; + 2| — |21 — ;] < 2K, |z > K]
= Pr[|z;] < K] + ®(K) Pr||z| > K]. (14)

To see how we obtain the last equation, observe that if |z;| < K then we have

|2 + 25| — 2 — 2] = |z + 25| — |25 — zil
<zl +|zj| — |zj — z] by triangle inequality
<zl + |25 = |I25] = |2l by reverse triangle inequality
<zl + 1251 = (23] = lzl) = 2z
< 2K,

hence, Pr{|z; + z;| — |z — z;| < 2K, |z| < K] = Pr[|z;] < K]. On the other hand, for |z;| > K, we look at
each case, conditioned on the events z; > K and z; < —K for each of the four cases based on the signs of
zi + zj and z; — z;. We denote by E the event that |z; + 2| —|2; — zj| < 2K, and analyze the cases in detail.

Conditioned on z; < —K:

PriE,z;+2; > 0,2, —2; > 0] 2
PriE,z +2; > 0,2, —2z; < 0] 2
Pr(E, z+2; <0,z —2; >0 2
Pr(E, z+2; <0,z —2; <0 %

Priz; < z,z; > —z; | z; < —K] =0,
Priz; > |z, 2 < K | z; < —K] = ®(2;),
Pr(z; < —|zi], 2 > —K | z; < —=K] =0,
(20 < zj < —2i,2j > —K | z; < —K| = ®(K) — ®(2;).

N AN NN

]
—K]
_K]
_K]

|
i

rz

The sum of the four probabilities in the above display is Pr[E | z; < —K] = ®(K). Similarly, we analyze the
other case.

Conditioned on z; > K:

Pr
Pr
Pr
Pr

PriE,z;+2; > 0,2, —2; > 0] z; >

[ zj S 2,25 S K | 2 > K| = ®(K) — (),
PriE,z; +2; > 0,2, —2; < 0] 2 >

[

[

Z; \zl|zi§K\zi>K]:0
zj < —|zi,zi > =K | 7 > K| = ®c(2:),
—2zi,2; > 2 | zi > K] = 0.

PriE,z; +2; <0,2;—2; >0 2; >
PriE,z +2; <0,z —2; <0] 2z >

K] =Pr[-z
K] = Prlz;
K] = Prlz;
K] = Pr[z;
The sum of the four probabilities above is Pr[F | z; > K| = ®(K). Therefore, we obtain that
PI‘HZZ‘ +Zj| - |Zi - Zj‘ <2K | |ZZ‘ > K] = @(K%

which justifies 14.
Next, note that Pr{|z;| < K| = ®(K) — ®.(K) and Pr[|z;| > K] = 2®.(K), so we have from 14 that

Prh*(X),) = 0] < B(K) — B (K) + 2B (K)D(K) = 1 — 20 (K) + 20 (K)(K) = 1 — 2B, (K)>.
Thus, ng is misclassified with probability at least 2®.(K)2.

We will now construct sets of pairs with mutually independent elements, such that the union of those sets
covers all inter-edge pairs. This will enable us to use a concentration argument that computes the fraction
of the inter-edge pairs that are misclassified. Since the graph operations are permutation invariant, let us
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assume for simplicity that Co = {1,...,%} and C; = {§ +1,...,n} for an even number of nodes n. Also

define the function
)+ 1 P41 <
miif) =4 " phes
i+l—5 i+l>

[SIBENTS

We now construct the following sequence of sets for all [ € {0,..., 5 — 1}:

St = {(Xom(i,y, Xign) for all i € Co N Npyiy }-

We now fix [ € {0,...,5 — 1} and observe that the pairs in the set S; are mutually independent. Define
a Bernoulli random variable, §;, to be the indicator that (Xm(i,l)aXi—‘r%) is misclassified. We have that

E[3;] > 2®.(K)?2. Note that the fraction of pairs in the set S; that are misclassified is ﬁ Zz‘eComNm(,; 5 Bis
which is a sum of independent Bernoulli random variables. Hence, by Hoeffding’s inequality, we obtain

1
Pr | — Z Bi > 20.(K)? —t| > 1—exp(—|S|t?).

|Sl | ’L‘GCQQNWL(,',J)

log;2 n
n

Since p,q = w( ), we have by the Chernoff bound that with probability at least 1 — 1/poly(n), |Si| =

ng(1 £ 0,(1)) for all I. We now choose t = Cllgﬁn = 0,(1) to obtain that on the event where |S;| =
ng(l + 0,(1)), we have the following for any large C' > 1:

1
Pr 51 Z Bi > Z(I)c([()2 —on(1)| 21— n=c.
|51l i€CONNm (1)

Following a union bound over all [ € {0, ..., 5 = 1}, we conclude that for any ¢ > 0,

1 n
Pr | — 5 > 20 (K)2 —o0,(1), Y1€30,...,——1}| >1—0(n"°).
rlSzl-ec;N:.ﬂ‘ (K)? — 0a(1) {0....5 -1} =1-0()
? 0 m(i,l)

Thus, out of all the pairs X;j with j ~ 4, with probability at least 1 — O(n~¢) for any ¢ > 0, we have that

at least a fraction 2®.(K)? of the pairs are misclassified by the attention mechanism. This concludes part 1
of the theorem.

For part 2, note that by the additive Chernoff bound A.5 we have for any ¢ € (0, 1),

Pr Do B2 2S)Pc(K)? — [Sift] > 1 —exp(—[Si[t*/4).
1€CONNm (i1

Since |S;] = %2 (1 £ 0, (1)) with probability at least 1/poly(n), we choose t = W to obtain

Pr Z Bi > nq®.(K)*(1+0,(1)) — \/ﬁnq‘l)c(K)2 log’n| >1— O(n_%QC(K)hOg").
iGC()ﬂNm(“)

klogZn

Now note that if ¢ > —5 S then we have ng®.(K)? > klog® n, which implies that

nq®.(K)? — \/,‘mq@c(K)2 log?n > 0.
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Hence, in this regime of ¢,

Pr Z Bi >0| > l_O(n—%Cbc(K)zlogn))
1€CONNm(i,1)

and the proof is complete. |

A.5 Proof of Theorem 6

We first state the formal version of the theorem.

Theorem 10 (Formal restatement of Theorem 6). Assume that |plls < Ko and o < K' for some constants
K and K'. Moreover, assume that the parameters (w, a,b) € R? x R? x R are bounded by a constant. Then,
with probability at least 1 — 0,(1) over the data (X, A) ~ CSBM(n,p,q, p,?), there exists a subset A C [n]
with cardinality ot least n — o(y/n) such that for all i € A the following hold:

1. There is a subset J; 0 C N; N Cy with cardinality at least %\Ni NCo|, such that v;; = ©(1/|N;|) for all
Jj € Jio-

2. There is a subset J; 1 C N; N Cy with cardinality at least 1—90\Ni N C4l, such that v;; = ©(1/|N;]) for all
j S Ji,l-

For i € [n] let g; be independent Gaussian random variables with mean 0 and variance 1, so we have
X; = —p+og; fori € Cy and X; = p+og; for i € Cy. Moreover, since the parameters (w, a,b) € R xR? xR
are bounded, we can write w = Rw and a = R'a where w and a are unit vectors and R and R’ are some
constants. We define the following sets which will become useful later in our computation of ~;;’s.

Define .
S | < \/—
A def {Z c [n] ’ |(}11ng1‘ <10 log(n(p+ Q))a an-d } )
lasw” g;| < 104/log(n(p +q)), Vj € N;

For i € [n] define

def

Ji,O = {j S NZ' ﬁCQ | |d211}ng‘ <V 10},

Ji71 déf {] e N,NC, | |CAL2’UAJng‘ < VlO},
Bly ™ {jeNNCy |27 <andTg; <2}, t=1,2,...,T,

Bl Y jeNnC |27 <anTg; <2}, t=1,2,....T,

K2

where 7 % {log2 (10\/10g(n(Tq)))—‘.

We start with a few claims about the sizes of these sets.

Claim A.13. With probability at least 1 — o(1), we have that |A] > n —o(y/n).

Proof: Because |az| < 1 we know that A is a superset of A" where

,def | . |wTg;| < 10+/log(n(p + q)), and }
= S .
A ieml | o S el i e
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We give a lower bound for |A’|. Denote b L py (\u}Tgi| > 10+/log(n(p + q))) Then

—_

Z ! e~ 50log(n(r+a)) < p < ! e—50log(n(p+q))

210+/log(n(p + q)) ~ 104/log(n(p +q))

Apply the multiplicative Chernoff bound

< e—%nbéz

Z {\ngl|>1o\/m}_ b(1+4)| <

i€(n]

and set 6 = % 10+/log(n(p+ q)))(n(p + q))*°, we see that with probability at least 1 — o(1),

H [H|w gi| > 104/log(n(p + q) }’ L

n(p +q))?°

This means that

{i € n] | lw” g;| > 10y/log(n(p + q)) or 3j € N; such that |w”g;| > 10y/log(n(p + Q))H

vn__n VA
S nrgE POl Ee) =goe sl e(l) = (V).
Therefore we have
A > n —o(vn).

Claim A.14. With probability at least 1 — o(1), we have that for all i € [n],

|J;,

9
N; 1| > —|V; .
_10| ﬁCQ| and ‘Jl71|_10| 1ﬁCl|

Proof: We prove the result for J; o, the result for J;; follows analogously. First fix ¢ € [n]. For each
j € |IN; N Cy| we have that

Pr(la,w”g;| > V10] < Prljw”g;| > V10] < e

Denote Jf, o (N; N Co) \ J; 0. We have that

E[|Jfoll = Y Yawwrg,zvioy| <€ PINiNCal,

JEN;NCy
Apply Chernoff’s inequality we have
1 . eEH H ‘NiﬁC()V].O
P > —|N; N C, E[lJ7ol] [ 174000
r| il = 15 0] N, 1 Col/ 10
66_50|Ni N CO| [N:NCol/10
|N; N Col/10



Apply the union bound we get
9 —A NN ng(l4o
Pr | |Jiol > 151Co N Ni| Vi € [n]] >1-Y e T > (1 o(1)) (1 — e~ HEE “”) =1-o(1).
i€[n]

The second last inequality follows because |N; N Co| > § min{p,q}(1 £ o(1)) = %(1 £ o(1)) under degree
concentration for all ¢ € [n]. Moreover, since we have used the degree concentration, this introduces the
additional multiplicative (1 — o(1)) term in the probability lower bound. The last equality is due to our

assumption that ¢ = Q(l&2n). [ |
p q oy

Claim A.15. With probability at least 1 — o(1), we have that for alli € [n] and for all t € [T,

|Blol BBl + VTIN: N Col5 and |B,| <E[B![|+ VTN N Cil5.

Proof: We prove the result for Bj , and the result for By ; follows analogously. First fix i € [n] and ¢ € [T7].
By the additive Chernoff inequality we have

Pr (|BLo| 2 E[[BLgl] + [Ni N Col - VTIN; (1 Co|~# ) < e 2NNl

Taking a union bound over all ¢ € [n] and ¢ € [T] we get

r[ U U {IBLol = ElIBLl + VTIN: N ol }

i€[n] te[T)
< nTexp( 2T (2 min{p, ¢}(1 io(l)))3/5> +o(1) = o(1),

log;2 n

where the last equality follows from Assumption 1 that p,q = Q( ), and hence

T exp (=21 (G min{p}1:£0(1)) ) =T exp (- (VET0gn)) =0 ()

for some absolute constant ¢ > 0. Moreover, we have used degree concentration, which introduced the
additional additive o(1) term in the probability upper bound. Therefore we have

r {|Bf’0| < E[|BLol| + VT|N; 0 Col?,Vi € [n] Wt € [T]} >1-o(1).

|
Proof of Theorem 10: We start by defining an event £ which is the intersection of the following events
over the randomness of A and {¢;}; and X; = (2¢; — 1) + 0g;,
e £ is the event that for each i € [n], |Co N N;| = 5((1 — €)p + €iq)(1 £ 0o(1)) and [C1 N N;| =
5((1 —€)g + ep) (1 £o(1)).
e £ is the event that |A| > n — o(y/n).
e &5 is the event that |Ji70| > 1%|NL m00| and |Ji71| > 1%|NL ﬂCl| for all 7 € [n]

o £ is the event that |B!o| < E[|B!|] + VT|N; N Co|? and |Bf,| < E[|B!,]] + VIIN; N C1|3 for all
i € [n] and for all ¢ € [T].
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By Claims A.13, A.14, A.15, we get that with probability at least 1 — o(1), the event £ = ﬂ?:o &, holds.
We will show that under event £, for all i € A, for all j € J; . where ¢ € {0,1}, we have v;; = O(1/|N;]).
This will prove Theorem 10.

Fix i € A and some j € J; . Let us consider

exp (LeakyRelu(aleXi + aQwTXj + b))
> ren, exp (LeakyRelu(a; w?X; + axw?Xy, + b))
B exp (¢ RR' LeakyRelu(k;; + a1w”g; + asw’g; +V'))
ZkeN,- exp (e RR’ LeakyRelu(ki, + a1wTg; + aswT gy + b))
B 1
© Dren, exp(Air — Ayy)

where for [ € N;, we denote

Yij =

ki 2 (2¢; — VT /o + (26 — DT p/o,

Ai df RR' LeakyRelu (ki + a1w? g; + asw’ g; + '),
and b = o RR'D'. We will show that 3, - n exp(Aix—A;;) = O(|N;|) and hence conclude that v;; = O(1/[Ny|).
First of all, note that since ||u||2 < Ko for some absolute constant K, we know that
lki] < V2K = O(1).
Let us assume that a,w” g; > 0 and consider the following two cases regarding the magnitude of a;w” g;.
Case 1. If k;; + a1w?g; + asw’g; + b < 0, then
Ay — Ayj = oRR' (LeakyRelu(mk +a1wTg; + anwl gy + )
~ LeakyRelu(ki; + a1w7 g; + arwTg; + b’))
= oRR (LeakyRelu(dlli)Tgi + anwT gy, £ O(1))
B(kij + arwTg; + asw” g; + b’))
= oRR' (LeakyRelu(a,w” g, + O(1)) £ O(1))
= ’(®a2w gx) £0(1)),
where 3 is the slope of LeakyRelu(x) for x < 0. Here, the second equality follows from | +b'| < V2K +|b/| =
O(1) and k;j + a1 wTg; + axwTg; + b < 0. The third equality follows from
e We have j € J; ¢ and hence |asw” g;| = O(1);

e We have r;; + a1’ g; + aswlg; +V < 0, so a1w?g; < |ki;| + |axw?g;| + [b'| = O(1), moreover,
because a;w!g; > 0, we get that |a;wT g;| = O(1);

e We have |l€ij +d1ngi+&21fJng +b/| < |fl11f)Tgi‘ + |CAl2'uA)ng|—|-|/€ij +b/| = O(l)+0(1)+0(1) = 0(1)
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Case 2. If k;; + a1w’ g; + acw?g; + v > 0, then
Aip — Aj; = oRR' (LeakyRelu(mik +a1wTg; + aswlgy + )
— LeakyRelu(x;; + a1w” g; + axw’ g; + b’))
— oRR/ (LeakyRelu(mk +a1wTgi + aswT gy + )
— kij — ' g; — ayuw’g; — b/>
= oRR' (LeakyRelu(ry, + 1w’ g; + s’ g + V') — arw” g; £ O(1))
= oRR' (@(dgﬁ)Tgk) + O(].)) , ifke Ji,(] @] Jz’,l
< oRR (O(asw’gy) £0(1)), otherwise.

To see the last (in)equality in the above, consider the following cases:

1. If k € J; 0 U J; 1, then there are two cases depending on the sign of k;, + a1w’ g; + asw? gy +b'.
o If ki + a1 wTg; + aswT gy + b > 0, then we have that
LeakyRelu (ki + a1 g; + aow” g + V') — ayw’g; £ O(1)
= kix + @ wlg; + arwT gy + b — awlg; £ 0(1)
= a0’ gp + ki + 0 £ O(1)
= aw’ gy +0(1).
o If ki + a1wTg; + aswTgr + b < 0, then because a;w’g; > 0 and |k + aowT g + V| <

|kir| + |GowTgr| + || = O(1), we know that a1w?g; < |ki| + |axwTgr| + [b'] = O(1) and
|kix + a1w? g; + asw? gy, + '] = O(1). Therefore it follows that

LeakyRelu (ki + @1 w” g; + asw” gp, + V') — ayw’g; £ O(1)
= LeakyRelu(£0(1)) — O(1) £ O(1)
= +0()
= axw’ gy +0(1)
where the last equality is due to the fact that k € J; o U J; 1 so |asw” gi| = O(1).
2. If k & J;i o U Ji1, then there are two cases depending on the sign of r;, + a1w? g; + asw? gy + V.
o If iy, + a1’ g; + asw’ gy + b > 0, then we have that
LeakyRelu(kix + @1’ g; + aow” g, + V') — a1’ g; £ O(1)
= Kk + a1’ gi + as’ g + b — aw’g; £ 0(1)
= aswl gy + kip +0 £0(1)
= aw’ g, +O(1).
o If ki + a1 wT g; + asw’ g, + b < 0, then we have that,
LeakyRelu (ki + a1 g; + asw? gy, + V') — aryw?g; £ O(1)
= Brir + farw’ g; + fayw” gy + SV — arw’g; + O(1)
= Bayw”' g, — (1 - B)aw’ g; £ O(1)
< Basw’ gy £ O(1),
where £ is the slope of LeakyRelu(-).
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Combining the two cases regarding the magnitude of a;w?g; and our assumption that o, R, R = O(1), so
far we have showed that, for any i such that a;w”g; > 0, for all j € Ji0, we have

@(dg’li)Tgk) + O(l), ifk e Ji,O @] Ji’1

Ajp — Ajj = { O(aswTgy) + O(1), otherwise. (%)

By following a similar argument, one can show that Equation equation 15 holds for any i such that a;w? g; <
0.

Let us now compute
dexp(Ai —Aij) = > exp(Ai—Ay)+ Y exp(Aik — Ay)
keN; kEN;NCy kEN;NCy
for some j € J;o. Let us focus on },n o, exp(Aix — Ayj) first. We will show that Q(|N; N Col) <
Y keN;nco EXP(Ai — Agy) < O(INVi)).
First of all, we have that
Z exp(4,; Z exp(A Aj) = Z exp (@(dnggk) j:O(l))
keN;NCy k€Ji 0

Z = [Jipole” = Q(IN; N Col),
€Jio

(16)

where ¢ is an absolute constant (possibly negative). On the other hand, consider the following partition of
N; N Coy:

def{k‘EN N Cy | azw gk <1}
dcf

= {ke N;NCy | axw’ gy, > 1}.

It is easy to see that
D exp(Ap — Aij) < > exp (Oag”gy) £0(1)) < > e =[Pyl = O(IN; N Col),  (17)
keP, kepP; kepP;

where ¢ is an absolute constant. Moreover, because ¢ € A we have that Py C Ute[T] Bj . It follows that

Z eXp zk - ’Lj Z Z eXp zk )

keP, te[T) keBL

< Z Z exp (O(axw” gi) = O(1)) (18)

te[T] keBY]

< > Biole™™,

te[T]

where c3 is an absolute constant. We can upper bound the above quantity as follows. Under the Event £*,

we have that .,
|Blo| <my +VT|N; N Col5, forall ¢ € [T7],

where
dﬁf E[|B Z Pr(27! < a,wl g, < 2h) < Z Prl[a,w Tg, > 2t 1]
kKEN;NCy kKEN;NCy
< Z PI‘[’LiJTgk > 2t_1] < |Ni N Co|€_22t73
keN,;,NCy
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It follows that
3 1BLole? < 3 (1NN Cole™ ™ 4 VIIN 1 Goft) e

te[T] te[T)
< |N; NGyl Ze’22t_36632t + Z VT|N; N CO|§6032T (19)
t=1 te[T]
< ca| Ni N Col + o(|Ni])
< O(|Nil),

where ¢4 is an absolute constant. The third inequality in the above follows from

. _92t—3 _ ot
e The series Y ,—, e~2 "e%? converges absolutely for any constant cs;

o The sum 7y VT|N; 0 Col3ee2” = T5|N; N Col5e™2" = o(|N;]) because

3
2
< glog {log2 (10 log(n(p + Q))ﬂ +20c3+/log(n(p + q))
o (i log(n(p + Q))> :

for any ¢ > 0. In particular, by picking ¢ > 5 we see that T%e%2" < O((n(p + q))¢) < o(|N;|5), and
hence we get T3 e2" |N; N Co|5 < [Ni|? - o(|Ni|3) = o(|Ni]).

Combining Equations equation 18 and equation 19 we get
D exp(Ai — Aij) < O(INy)), (20)
ke P>
and combining Equations equation 17 and equation 20 we get
> exp(Ai—Ay) = Y exp(Ai — Ay) + Y exp(Ai — Ayy) < O(INi). (21)
keN;NCy keP; keP,
Now, by Equations equation 16 and equation 21 we get
QUNNCo) < Y exp(Au — Ay) < O(INi). (22)
keN;NCoh
It turns out that repeating the same argument for ), - Nine, €XP(Ai — Ajj) yields
QNNC) < D exp(An — Ayy) < O(INy)). (23)
keN,NCy
Finally, Equations equation 22 and equation 23 give us
D exp(Aix — Aij) = O(|INy)),
kEN;

which readily implies
1

Yij =
T Yken, exp(Ais — Ayj)
as required. We have showed that for all ¢ € A and for all j € J; o, 7i; = O(1/|N;|). Repeating the same

argument we get that the same result holds for all ¢ € A and for all j € J; 1, too. Hence, by Claims A.13
and A.14 about the cardinalities of A, J; o and J; 1 we have thus proved Theorem 10. |

= O(1/|Nil)
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B Additional experimental results

B.1 Ansatz for GAT, MLP-GAT and GCN

For the original GAT architecture we fixed w = p/||p|| and defined the first head as a3 = %(1, 1) and
by = —%wTu; The second head is defined as as = —a; and by = —b;. We briefly discuss the choice of
such ansatz. The parameter w is picked based on the optimal Bayes classifier without a graph, and the
attention is set such that the first head maintains pairs in C; and the second head maintains pairs in Cp®.
We will clearly see from the results, this choice of ansatz produces good node classification performance (in
the easy regime, where we vary ¢ we clearly see how those performances degrade since GAT linear attention
mechanism is unable to separate inter- from intra-edges). More specifically, one may use the same techniques
in the proof of Theorem 1 and Corollaries 2 and 3 to prove the node separability results (in this particular
case, the result will depend on g in contrast to the result we get for MLP-GAT, where the no dependence of

g was needed).

For MLP-GAT we use the following choice of ansatz.

1 1
def M def |—1 —1 def
Nl I I R |
-1 1

so that the output of the attention model is defined as

wlX;
r - LeakyRelu (S : [@TXJ]> .

This choice of two layer network allows us to bypass the “XOR, problem” [MP69] and separate inter- from
intra-edges, which is clearly impossible with linear architecture.

For GCN we used the ansatz from [BFJ21], which is also w = p/||p]|-

B.2 Synthetic data
B.2.1 Fixing the distance between the means and varying ¢

In this subsection, we present additional experimental results for the original GAT [VCCT18] mechanism
with two heads, and MLP-GAT on synthetic data. Unless stated otherwise, we use the exact parameter
setting as in Subsection 4.1.1.

As explained in the introduction, a GAT head (equipped with a linear attention mechanism) is bound to
fail to separate the edges. Recall that when considering the pair space ('wTXZ-,wTXj), we can think of
each pair as a two-dimensional Gaussian with means in either one of the four quadrants. For correct edge
classification, we need to classify the data originating from the distributions whose means are in the second
and fourth quadrant from the data originating from the distributions whose means are in the first and the
third quadrants (that is, the problem is a “XOR problem” [MPG69]). However, it is readily seen that any
linear classifier fails on the above task. In Figure 5a we can clearly see the lack of ability of the heads to
ignore inter-edges. For example, head 0 maintains all the intra-edges of class 1 but also maintains the inter-
edges between class 1 to class 0. Figure 5b presents the attention coefficients of GAT in the hard regime

8Note that in this case, due to the linearity of the attention mechanism, it will be impossible for the model to keep only Yij
which correspond to intra-class edges.
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and demonstrates Theorem 6, where most 7 concentrate around uniform (GCN) coefficients. In Figure 5¢ we
observe the node classification performance of the GAT model in the easy regime. As opposed to MLP-GAT,
we can clearly see that the node classification performance of GAT is affected by increasing q. Figure 5d
demonstrates the node classification performance in the hard regime (which is conjectured in Conjecture 7).

0.0040] 10 *
0.014 .

. GAT, head 1
0012 edges, GAT, head 1 00
0.0035

0.010 GAT, 551
ter edges, GAT, head 1, class 1

2 0.008 500030/

0.006
0.0025
0.004

0.002
0.0020]

0.000

(a) Attention coeflicients, easy (b) Attention coefficients, hard (c) Node classification, easy

—— GaT
10 —= GON
—+— No-graph

(d) Node classification, hard

Figure 5: Attention coefficients and node classification accuracy for GAT.

B.2.2 Fixing ¢ and varying the distance between the means

We consider the case where ¢ = 0.4. In Figure 6 we show the attention coefficients for both MLP-GAT and
two head GAT as a function of the distance between the means, and the node classification performance of
GAT as a function of the distance between the means. In Figure 6a we see that in the hard regime MLP-GAT
produce attention coefficients that concentrate around uniform (GCN) coefficients, while in the easy regime
the model is able to maintain only the 7 that correspond to intra-class edges (as stated in Corollary 2) while
ignoring all coefficients corresponding to inter-class edges. In Figure 6b we observe that in the hard regime
the attention coefficients of GAT concentrate around the uniform coefficients (as proved in Theorem 6), while
in the easy regime, even though the attention coefficients concentrate, GAT is not able to distinguish intra
from inter edges. As explained before, this is due to the fact that a linear attention mechanism is bound to
fail on the “XOR problem”. Lastly, in Figure 6¢ we show classification results for GAT. Note that in the
easy regime GAT achieves perfect separability. However, as the distance between the means decreases, GAT
begins to misclassify nodes.
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Figure 6: Attention coefficients MLP-GAT/GAT and node classification for GAT.

B.3 Real-world data
B.3.1 Ansatz

In Figure 7 we present the results for MLP-GAT on CiteSeer using the chosen ansatz.
In Figure 8 we present the results for MLP-GAT on Cora using the chosen ansatz.

In Figure 9 we present the results for MLP-GAT on PubMed using the chosen ansatz.
In Figure 10 we present the results for GAT on CiteSeer using the chosen ansatz.

In Figure 11 we present the results for GAT on Cora using the chosen ansatz.

In Figure 12 we present the results for GAT on PubMed using the chosen ansatz.

B.3.2 Training

For experiments on real data, we also used PyTorch Geometric [FL19] to train the models GAT, MLP-GAT,
GCN, and the linear classifier. We train the models using the Adam optimizer with a learning rate of 1073,
weight decay 1073, and 200 epochs. We terminate the process if the average binary cross-entropy loss is less
than 10~2. We report the results of the last epoch.

It is important to note that for MLP-GAT the results that we get from the training process are very similar
to the ones reported in the main paper. One difference that we observed is that for a very large distance
between the means the trained parameters of MLP-GAT resulted in some misclassifications for the edges. This
happens because in this easy regime the graph is not needed at all and there must exist many parameter
settings that achieve a near-perfect node classification without necessarily distinguishing intra-class from
inter-class edges.

For GAT we also observe similar trends for training to the ones that we observed using an ansatz. One
difference is the behavior of «, which exhibit some irregular behavior when the distance between the means
is very large. Again, this does not seem to affect node classification accuracy. In the case where the distance
between the means is small, we do observe that the average v is close to uniform, which is also what we have
proved in the main paper for the CSBM model.

In Figure 13 we present the results for MLP-GAT on CiteSeer under training.

In Figure 14 we present the results for MLP-GAT on Cora under training.
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In Figure 15 we present the results for MLP-GAT on PubMed under training.
In Figure 16 we present the results for GAT on CiteSeer under training.
In Figure 17 we present the results for GAT on Cora under training.

In Figure 18 we present the results for GAT on PubMed under training.
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Figure 9: Ansatz MLP-GAT on PubMed.
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Figure 10: Ansatz GAT on CiteSeer.
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(n) Node class., Cora, class 6

I 10] —*- GAT 020
A = =GN
022 —+— No-graph -
019 Syt /Y.
020 09, /
018 g 0.18] aaag - b
gos
o1 - H s
H 2 o
0.14] —* Average y, intra edges, GAT, head 0, class 0 . L; —v— Average y, intra edges, GAT, head 0, class 0
~— Average y, inter edges, GAT, head 0, class 0 T £or o16] — Average y. inter edges, GAT, head 0, class 0
—— Average v, intra edges, GAT, head 0, class 1 © —#— Average y, intra edges, GAT, head 0, class 1
012 —— Average y, inter edges, GAT, head 0, class 1 —— Average y, inter edges, GAT, head 0, class 1
—+— Average y, intra edges, GAT, head 1, class 0 —»— Average y, intra edges, GAT, head 1, class 0~
010 Average y, inter edges, GAT, head 1, class 0 06 0351 Average v, inter edges, GAT, head 1, class 0
< Average y, intra edges, GAT, head 1, class 1 < Average v, intra edges, GAT, head 1, class 1
Average y, inter edges, GAT, head 1, class 1 Average y, inter edges, GAT, head 1, class 1
0,08 —e— Average 1[N/ 014} —o— Average 1/IN|
o o7 CH T CH o o
Distance between means Distance between means

Distance between means

(a) Atten. coeff., Pubmed, class

0

(b) Node class., Pubmed, class 0

(c) Atten. coeff., Pubmed, class 1

10{ —— GAT 10{ - GAT
= GCN MESESOSOSEAM 020 - GCN et
—+— No-graph g —+— No-graph
09 09
018
2 > 2
Zos > | gos
3 4016 H
& 3 £
s < k]
< —— Average v, intra edges, GAT, head 0, class 0 £
o7 o0.14] — Average , inter edges, GAT, head 0, class 0 go7
S —+— Average y, intra edges, GAT, head 0, class 1 S
—— Average y, inter edges, GAT, head 0, class 1
~+— Average y, intra edges, GAT, head 1, class 0
06 12| —— Average y, inter edges, GAT, head 1, class 0 oe
—« Average y, intra edges, GAT, head 1, class 1
—— Average y, inter edges, GAT, head 1, class 1
—e— Average 1IN s
e o

I 10 107
Distance between means.

(d) Node class., Pubmed, class

1

1o
Distance between means.

(e) Atten. coeff., Pubmed, class 2

6
Distance between means

(f) Node class., Pubmed, class 2

Figure 12: Ansatz GAT on PubMed.
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Figure 13: Training MLP-GAT on CiteSeer.
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Figure 14: Training MLP-GAT on Cora.
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Figure 18: Training GAT on PubMed.
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