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The regulation and coordination of cell growth and division are long-standing problems in cell physiology.
Recent single-cell measurements that use microfluidic devices have provided quantitative time-series data on
various physiological parameters of cells. To clarify the regulatory laws and associated relevant parameters,
such as cell size, simple mathematical models have been constructed and tested based on their capabilities to
reproduce the measured data. However, the models may fail to capture some aspects of data due to presumed
assumptions or simplification, especially when the data are multidimensional. Furthermore, comparing a model
and data for validation is not trivial when we handle noisy multidimensional data. Thus, to extract hidden laws
from data, a novel method, which can handle and integrate noisy multidimensional data more flexibly and
exhaustively than the conventional ones, is necessary and helpful. By using cell size control as an example, we
demonstrate that this problem can be addressed by using a neural network (NN) method, originally developed for
history-dependent temporal point processes. The NN can effectively segregate history-dependent deterministic
factors and unexplainable noise from given data by flexibly representing the functional forms of the deterministic
relation and noise distribution. By using this method, we represent and infer the birth and division cell size
distributions of bacteria and fission yeast. Known size control mechanisms, such as the adder model, are revealed
as the conditional dependence of the size distributions on history. Further, we show that the inferred NN model
provides a better data representation for model searching than conventional descriptive statistics. Thus, the NN
method can work as a powerful tool for processing noisy data to uncover hidden dynamic laws.
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I. INTRODUCTION

One major challenge in microbial physiology is deter-
mining the fundamental principles and laws underlying the
regulation and coordination of cell growth and division [1].
Recent developments in microfluidic devices have enabled the
tracking of microbial cells over hundreds of generations [2–5].
Various physiological parameters—particularly, cell sizes—
have been measured quantitatively over time at the single-cell
level [2,6–8].

To elucidate the laws of cell growth and division, a large
body of research has been conducted by using physical and
mathematical science techniques [1,9–14]. In particular, sim-
ple physical and mathematical models have been developed
that can explain cell growth and division with a small number
of relevant variables. To account for the significant cell-to-
cell variety of division patterns in the measured data, the
process of cell growth and division is typically formalized
as a continuous-time stochastic process in which each cell
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grows and divides at variable rates [10,11]. In this formula-
tion, choosing the relevant variables for a cell’s division rate
is essential for defining the models. For example, the “sizer”
model [10] posits that the absolute size of the cell is relevant,
whereas the “adder” model [15–17] considers the added size
from the birth of the cell fundamental. Although the biological
mechanisms regulating cell divisions are complex and involve
many biochemical reactions and signaling, such simple mod-
els have successfully reproduced the division patterns.

However, simple models may fail to capture some as-
pects of data due to presumed assumptions or simplification,
especially when the data are high-dimensional. In addition,
biological data show high variability, only part of which a
simple model can explain. The unexplained part is typically
represented as noise by assuming a simple distribution such as
the Gaussian one. Again, the assumed shape of the distribution
may not always be exact for representing the unexplained
components.

This suggests that the development of a more versatile
method is helpful for elucidating the laws from the data. The
method should handle and integrate multidimensional noisy
data and have a flexible representation power for both deter-
ministic relations and noise distribution.

In the past decade, machine learning (ML) methods have
been developed and applied to a wide variety of prob-
lems [18]. ML methods, especially deep learning (DL),
have demonstrated that they can semiautomatically extract
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complicated patterns from noisy data sets by removing irrele-
vant dimensions and unexplainable noise factors. We can also
use the representation power of DL into mathematical model-
ing. To this end, we should design an appropriate method to
avoid generating artificial results by malfunctions of the high
flexibility of DL. This implies that we should also validate
the method by which we can correctly extract the known laws
behind the data. Thereafter, we can use it to support searching
a defined, but enormous, model space without relying on our
insights and intuition.

In this study, we employ a neural network (NN) method to
determine the regulation of cell size. By following a similar
formulation to the previous modeling of cell size control as a
stochastic process [10,11], we represent the cell size dynamics
interrupted by division events as a temporal point process
(TPP). Then we introduce an NN method to represent the
intensity function of the process, which can depend flexibly on
the history of cell size over the retrospective lineage. By train-
ing the NN, we obtain probability density functions (PDFs)
of cell sizes at birth and division conditioned on their histo-
ries. The trained PDFs reproduce and confirm the previous
results and presumed assumptions of size control and show
that the cell division is indeed stochastic; we verify that the
Markovian model is sufficient for predicting birth and division
sizes, making it consistent with previous analyses that used
regression models [19,20]. Adder and weak sizer principles
for Escherichia coli (E. coli) and Schizosaccharomyces pombe
(S. pombe), respectively, are obtained from the history de-
pendency of the conditional PDFs. It verifies that the method
can correctly extract the relations between multiple variables
behind the data. The NN method also provides a better data
representation than conventional data binning because it can
avoid systematic biases, as observed in the conventional plot.
Thus, the NN method can be used as a powerful tool for
uncovering hidden dynamic laws from noisy data and for
model searching better than the conventional descriptive data
plotting or use of summary statistics.

The remainder of the paper is organized as follows. In
Sec. II, we extend the formalism of the stochastic process of
cell growth and division to the case wherein the cell size at
division depends on their history. Subsequently, we explain
the formulation and recent developments of intensity-based
NN models for TPPs. In Sec. III, we describe the experimental
data on E . coli and S. pombe cell division used in our analy-
sis. In Sec. IV, we first present the performance of existing
intensity-based models and show that a recently developed
NN model is the best in its flexible expressiveness of data.
With this model, we examine how the conditional PDFs of cell
sizes depend on their history. We also examine the “typical”
behavior by calculating the medians of the conditional PDFs
and comparing them with the size control laws obtained by
previous modeling. In Sec. V, we summarize and discuss our
study.

II. FORMULATION

A. Modeling history-dependent stochastic dynamics of cell size

The stochastic dynamics of cell size can be modeled as a
history-dependent TPP (hTPP) [21]. First, we characterize a

cell’s history by using a sequence of cell sizes at birth (lb)
and division (ld ). We refer to m as the length of the sequence
with alternating lb and ld , which we regard as the history. We
categorize sequences into two types: hm and gm. Sequence
hm is the size history up to the most recent birth, lb, whereas
sequence gm is that up to the most recent division, ld . For even
m, they are represented as

hm = {
l i−m/2
d , l i−m/2+1

b , l i−m/2+1
d , l i−m/2+2

b , . . . , l i−1
d , l i

b

}
, (1)

gm = {
l i−m/2
b , l i−m/2

d , l i−m/2+1
b , l i−m/2+1

d , . . . , l i−1
b , l i−1

d

}
. (2)

For odd m, they are represented as

hm = {
l i−(m−1)/2
b , l i−(m−1)/2

d , l i−(m−1)/2+1
b , . . . , l i−1

d , l i
b

}
, (3)

gm = {
l i−(m+1)/2
d , l i−(m+1)/2+1

b , l i−(m+1)/2+1
d , . . . , l i−1

b , l i−1
d

}
.

(4)

In these equations, the superscripts i denote the generations of
the cell defined along a lineage. As each generation has two
quantities, lb and ld , the history of hm and gm includes the sizes
of approximately m/2 generations.

Then we consider the next division size l i
d of a cell with

history hm. The history includes sizes up to the most recent
birth size l i

b. We define the survival probability �(l|hm) that
a cell with a history hm does not divide up to size l . In the
following, we assume that the size dynamics are stationary;
thus, �(l|hm) is independent of the generation i. The survival
probability satisfies the following master equation:

�(l + dl|hm) = �(l|hm)[1 − λd (l|hm)dl]. (5)

Here, λd (l|hm)dl is the probability that division occurs within
the size interval [l, l + dl] considering the size history hm

and the fact that the cell does not divide up to size l . In the
continuum limit, Eq. (5) can be written as follows:

d

dl
�(l|hm) = −λd (l|hm)�(l|hm). (6)

The formal solution of Eq. (6) is

�(l|hm) = exp

[
−

∫ l

l i
b

λd (s|hm)ds

]

= exp

[
−

∫ l

0
λd (s|hm)ds

]
, (7)

at the second equality of which the integral interval is changed
by defining λd (s|hm) = 0 for s � l i

b. Because the probability
that a cell division occurs within the size interval [l, l + dl] is

P(l|hm)dl = �(l|hm)λd (l|hm)dl, (8)

the PDF P(l|hm) of division size conditioned by history is
written as

P(l|hm)=λd (l|hm) exp

[
−

∫ l

0
λd (s|hm)ds

]
=− d

dl
�(l|hm).

(9)

Similarly, we can describe the birth size PDF Q(l|gm) for
l i
b as

Q(l|gm) = λb(l|gm) exp

[
−

∫ l

0
λb(s|gm)ds

]
, (10)
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in which the history gm includes the division size l i−1
d up

to generation i − 1. The stationarity for generation is also
assumed. Although the rate function λb(l|gm)dl itself does not
have an appropriate physical interpretation of birth size, we
can use λb(l|gm) in modeling as a proxy for Q(l|gm) because
λb(l|gm) has the same information as Q(l|gm). By inferring
λd (l|hm) and λb(l|gm) from data, we can represent both con-
trol laws of birth and division sizes as the dependence on the
histories hm or gm and the stochasticity in size dynamics as the
dependence on l .

B. Representation and inference of the temporal point process
by neural networks

To endow flexibility and high representation power to the
cell size dynamics model, we employ the recent developments
of neural networks for hTPPs. To briefly outline the develop-
ment, we consider a given sequence of discrete events at times
{ti}n

i=1 ∈ [0, T ]. The hTPP’s behavior is modeled by defining
its conditional intensity function λ(t |ht ) � 0, which specifies
the dependency of the next event time t on the event timing
history ht = {ti : ti < t}. In the formulation, the conditional
PDF of the next event time ti+1 is given by an equation almost
identical to Eqs. (9) and (10) as follows:

p(ti+1|ht ) = λ(ti+1|ht ) exp

(
−

∫ ti+1

ti

λ(s|ht )ds

)
. (11)

In conventional point-process modeling and inference, simple
functional forms are assumed for λ(ti+1|ht ; θ) or p(ti+1|ht ; θ)
to make the parameter inference of θ and the log-likelihood
computation tractable. However, such assumptions severely
restrict the model’s representation power and are not suf-
ficient, especially when λ(t |ht ) should be a complicated
function of either t , history ht , or both.

In the last couple of years, neural networks have been
used in different ways to resolve this problem. Specifically,
a recurrent neural network (RNN) was first used to handle
history dependence [22]. The RNN has recurrent connections
and loops that use its internal hidden state rt to process the se-
quence of the input history ht . The hidden state is sequentially
updated according to state and event timing history. Thus, the
RNN can convert the sequence of the input history ht non-
linearly into the hidden state rt . In this way, the conditioning
of the λ(t |ht ; θ) by ht is replaced with rt , and the conditional
intensity function is represented as λ(t |rt ; θ).

Although the nonlinear history dependency was accounted
for by the RNN, the representation of λ(t |rt ; θ) as a func-
tion of t has been restricted to simple functional forms
because it is not straightforward to calculate the integral
�(t ) = ∫ t

ti
λ(s|rt ; θ)ds in Eq. (11). To achieve the integral

analytically, only a limited functional form can be used for
the intensity function. For example, assume a constant in-
tensity function λ∗(τ = ti+1 − ti ) = exp(vT rt + b) in which
vT and b are parameters to be learned. This constant in-
tensity function corresponds to an exponential distribution
of PDF in Eq. (11), whose parameter varies depending on
rt —that is, the history ht . Another simple form assumed
in [22] is the exponential intensity function (exponential
model) λ∗(τ = ti+1 − ti ) = exp(wτ + vT rt + b), which de-
pends on the elapsed time τ but can be integrated directly.

This exponential intensity function corresponds to a Gompertz
distribution for the conditional PDF, where the functional
form of the Gompertz distribution is p(τ ; α, β ) = α exp(βτ −
α
β

exp(βτ ) + α
β

) for α, β > 0. As a more flexible functional
form [23], a piecewise constant model can be considered in
which the intensity function is discretized by piecewise con-
stant functions as λ∗(τ ) = softplus(vT

j rt + b j ) for ( j − 1)L �
τ � jL, where j = 1, 2, . . . , τmax/L, considering τmax and L.
Here, softplus(x) = log(1 + exp(x)).

To resolve the limited representation power of the inten-
sity function, another NN has been introduced to flexibly
model the functional form of λ(t |rt ; θ). Among others, Omi
et al. [24] proposed a fully NN model in which the integral
�(t ) = ∫ t

ti
λ(s|rt ; θ)ds, rather than λ(s|rt ; θ), was modeled by

a feed-forward NN. This enabled us to efficiently compute the
log-likelihood, L = [

∑
i log λθ (ti ) − ∫ tn

0 λθ (s)ds], by avoiding
the integration of λ(s|rt ), regardless of the functional form
of the intensity function λ(s|rt ). This method endows more
flexibility in hTPP modeling, reduces computational com-
plexity for parameter learning, and consequently extends its
applicability.

C. The neural network method used in this paper

In this study, we apply the fully NN model of Omi et al.
[24] because of its flexibility owing to two neural networks: an
RNN and a feed-forward NN. The fully NN model developed
for hTPPs can be applied directly to the size control of cell
physiology because the mathematical framework is almost
identical as presented in Secs. II A and II B. Using the model,
we obtain the conditional PDFs of division and birth size on
their size history in the following.

III. DATA

In this study, we use two public data sets [8,25]. Both
were obtained by microfluidic single-cell measurement de-
vices, versions of the commonly known “mother machine”
[2,6]. The devices allow tracking of mother cells trapped at
the bottoms of the observation channels over tens or hundreds
of generations [see Fig. 1(a)]. From the data obtained, one
can extract the following parameters to characterize the size
dynamics and division events [see Fig. 1(b)]: the birth size
lb, the division size ld , the size added between a consecutive
pair of birth and division �d = ld − lb, the relative septum
position l1/2, and the division interval τ .

The first data set was obtained by the measurements of
E . coli [25]. The data were recorded every minute and con-
tained time series of the cell length of mother cells. The
measurements were conducted under three growth conditions
of temperature: 37◦C, 27◦C, and 25◦C. Figure 1(c) shows an
example of a cell size time course.

The second data set was obtained by measuring S. pombe
[8]. The data were recorded every 3 min and contain time
series of the cell area. The measurements were conducted
under seven culture conditions with different media and tem-
peratures, namely, 28◦C, 30◦C, and 34◦C in yeast extract
(YE) medium and 28◦C, 30◦C, 32◦C, and 34◦C in Edinburgh
minimum medium (EMM).
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FIG. 1. (a) Schematic of the microfluidic device. The old-pole mother cell was trapped at the bottom of the observation channel. (b)
Definition of the size parameters. �d = ld − lb is defined by the birth and division sizes of the same generation. The relative septum position
l1/2 is defined by l i

b/l i−1
d , in which i − 1 and i denote the indices of consecutive generations. (c) Example of cell size trajectory from the data

on E . coli at 37◦C.

In Appendixes A and B, we describe the details of prepar-
ing and preprocessing the sequential data and procedures for
NN learning.

Tables S1, S2, and S3 in the Supplemental Material [26]
summarize the basic parameter statistics for E . coli and
S. pombe under the YE and EMM conditions, respectively. We
also present histograms of the cell sizes in Figs. S1, S2, and
S3 in the Supplemental Material [26] for E . coli and S. pombe
under the YE and EMM conditions, respectively.

IV. RESULTS

A. The Fully NN model achieved a better performance than
other RNN-based models

In this section, we first test the performance of different
RNN methods by applying them to the cell size data on E . coli
and S. pombe. In a previous study [24], the fully NN model
that we use in our subsequent analysis achieved a competitive
or better performance compared to other RNN-based models
for various synthetic and real data. Here, we show that this
is also the case for cell size data. In addition to the fully NN
model, we consider the three RNN models—constant, expo-
nential, and piecewise constant—each of which has a specific
form of the intensity function, as explained in Sec. II B.

Figures 2(a) and 2(b) show the trajectory examples of
the actual observations and the RNN models after training
for birth and division sizes of E . coli, respectively. For each
RNN model and each generation i, the median of the PDF
is calculated with the observed history of sizes before i. The
medians of the fully NN and piecewise constant models agree

better with the actual observations than the other models.
Significant deviations from the measured data were observed
in the exponential model for birth size and in the constant
model for both sizes.

In Figs. 2(c) and 2(d), we calculate the shapes of the
PDFs for the four models at generation i = 30 in Figs. 2(a)
and 2(b). Note that because the PDFs are history dependent,
their shapes change depending on the generation at which
they are calculated. The conditional PDFs of the fully NN
and piecewise constant models are located relatively close
to the actual observation, with similar shapes. The PDFs of
the exponential and constant models are much broader than
the others because their functional forms are restricted to the
Gompertz and exponential functions, respectively.

To measure the performances of the four models
quantitatively, we calculated the negative log-likelihood
− log Q(l∗

b |gm) and − log P(l∗
d |hm) for birth and division sizes,

respectively, in which l∗
b and l∗

d denote the actual observations
in the validation data. A lower negative log-likelihood indi-
cates a better performance in prediction. Figures 2(e)–2(h)
show the average performances of the four models for both
E . coli and S. pombe. In almost all cases, the fully NN model
achieved the superior performance, with the smallest values of
the negative log-likelihood. Because the number of data was
smaller than that used in Ref. [24], we changed the fraction
of the training data from 80% to 95%. We found that the
scores are approximately constant for the different numbers
of training data, which ensures that the fully NN model is
sufficiently trained. The piecewise constant model performs
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FIG. 2. (a), (b) Trajectories of the actual observations and medians of conditional probability density functions (PDFs) for E . coli at 37◦C.
The PDFs were estimated by the four RNN-based models for (a) birth size and (b) division size. (c), (d) Shapes of the PDFs of (c) birth size
and (d) division size at generation i = 30. (e)–(h) Performance of the four models for (e) birth size and (f) division size of E . coli at 37◦C and
for (g) birth size and (h) division size of S. pombe under the YE condition at 30◦C. Performance of the four RNN-based models is evaluated
by the negative log-likelihood. The log-likelihood is averaged over the validation data. A lower score indicates better predictive power. The
history length m was set to 10.
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FIG. 3. Performance with different history lengths m for (a) birth size and (b) division size of E . coli at 37◦C and for (c) birth size and
(d) division size of S. pombe under the YE condition at 30◦C. See Fig. S4 in the Supplemental Material [26] for S. pombe under the EMM
condition. The performance was evaluated by the mean negative log-likelihood (MNLL) in which the log-likelihood was averaged over the
validation data.

similarly well, but slightly worse than the fully NN model and
predicts rugged conditional PDFs.

The exponential and constant models perform poorly be-
cause they have restrictions in their functional forms. The
measured PDFs of cell sizes are typically single peaked and
right skewed (see Sec. IV C). As a result, they cannot be
approximated sufficiently by a Gompertz or exponential dis-
tribution. Further, the performances of the exponential model
are unstable and its scores are more sensitive to the number of
training data than the others. In any cases, the fully NN model
performs better by flexibly approximating the PDFs.

B. The most recent size in history is sufficient for birth and
division size prediction

The NN method has several hyperparameters. Of particular
interest is the length m of the histories hm and gm. In the
previous modeling of size control, Markov models were used,
and their sufficiency was tested only recently using regression
models [19,20]. The dependence of the performance on the
history length m can be used to systematically and quan-
titatively verify how far back in the history is relevant for
predicting the next division or birth size.

Figure 3 shows the performance of the fully NN model
for lb and ld as functions of the history length m. Although a
slight improvement, from m = 1 to m = 2, is observed for the
division size ld of E . coli [Fig. 3(b)], the performances do not
show significant improvements with increasing m for m � 1.
This observation indicates that the most recent elements in

history (l i
b in hm and l i−1

d in gm) are practically sufficient,
which supports the assumptions of previous size control mod-
els.

We also investigated the performance by changing other
NN hyperparameters, the number of layers and the number
of units in each layer (Figs. S5 and S6 in the Supplemental
Material [26]). We confirm that the increase in the complexity
of NN from the current parameter values does not significantly
improve the results.

C. Shapes of birth and division distributions
vary depending on the history

Next, we analyze how the shapes of the birth and division
size distributions depend on the history by using the estimated
PDFs P(ld |hm) and Q(lb|gm). Figure 4(a) shows the PDF of
E . coli birth size Q(l|gm). Although the shape of the PDF can,
in principle, depend on all the elements in the history gm, we
exclusively focus on the most recent division size because we
verified it as the most influential and sufficient element of the
history in Fig. 3. [See also Figs. S7 and S8 in the Supplemental
Material [26] for the dependence of P(l|hm) and Q(l|gm) on
previous sizes.]

As demonstrated in Fig. 4(a), the mode of the birth size
PDF depends monotonously on the most recent division size,
which reflects clearly that a larger cell divides into two larger
daughters on average. The modes of Q(l|gm) are located ap-
proximately at the position l = ld × l1/2, in which the relative
septum position l1/2 = l i

b/l i−1
d is approximately 0.46 for this
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FIG. 4. The conditional probability density functions (PDFs) for (a) birth size Q(l|gm ) and (b) division size P(l|hm ) of E . coli at 37◦C and
those for (c) birth size and (d) division size of S. pombe under the YE condition at 30◦C. Q(l|gm ) and P(l|hm ) are plotted as a function of the
most recent size—that is, ld for Q(l|gm ) and lb for P(l|hm ). The left panels are 3D plots of the PDFs as functions of l and the most recent size
in the histories. The right panels are the slices of the PDFs for fixed values of the most recent size. In the right panels, the colors of the curves
indicate the range of the most recent size. Note that the sliced PDFs shift from left to right as the most recent size increases. The history length
was set to m = 10.
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data set (see Table S1 in the Supplemental Material [26]). This
dependency of the birth size PDF is captured even when only
the most recent division size is considered as the history—that
is, by setting m = 1 in the model (see Fig. S9 in the Supple-
mental Material [26]).

A similar mode dependency is observed for the division
size PDF P(l|hm) as a function of the most recent birth size
[Fig. 4(b)]. However, this dependency is less prominent than
that of the birth size PDF, suggesting that the division size is
under tighter control than the birth size.

Figure 4(a) clarifies that the birth size of a cell with a
larger parent cell shows greater variation than that with a
smaller parent. This contrasts sharply with the birth size PDF
of S. pombe [Fig. 4(c) for the YE and Fig. S10 [26] for the
EMM condition], whose variation—that is, the width of the
PDF—is almost independent of the previous division size.
This result may indicate the difference in birth size control
between E . coli and S. pombe, the latter of which has a more
elaborate molecular mechanism to determine the middle of a
cell [27,28]. By contrast, for the division size PDF of S. pombe
in Fig. 4(d), we observe a dependency on the birth size similar
to that of E . coli, which implies the existence of division size
control for both E . coli and S. pombe.

All these properties are automatically extracted and clearly
presented in the estimated conditional PDFs by using the fully
NN model from the noisy raw data.

D. NN makes adder principle conspicuous by denoising data

We further elucidate the “typical” behaviors of birth and
division size distributions as functions of histories by calcu-
lating the medians of the PDFs estimated by the fully NN
model. We have a stable and systematic technique to obtain
the median of the PDF represented implicitly by the com-
plicated NNs (see Appendix B). Figure 5(a) exemplifies a
comparison of the time series of actual birth lb and division
ld sizes with the medians of the PDFs for E . coli [the same
data as in Figs. 2(a) and 2(b)].

For the birth size lb, the actual observation (orange) and
medians (light blue) agree well and are distributed along x = y
in the scatterplot [Fig. 5(b)]. This result demonstrates that the
median of the PDF is a good predictor of lb. For the division
size ld in Fig. 5(a), we observe more sporadic jumps in the
actual observations, which the median of P(l|hm) (purple)
fails to predict. Except for such outliers—for example, l >

10—the median can predict a general trend in the division size
over time, which is also verified in the scatterplot in Fig. 5(c).

By using the PDF, we then attempt to detect the adder
law of E . coli size control revealed by the previous modeling.
It posits that cells add a constant size � between birth and
division, irrespective of birth size. A standard approach to
explore size control laws is to plot the correlations among
pairs of potential control parameters. Figure 5(d) shows the
correlations between four parameters: division size ld , birth
size lb, elongation ατ , and added size � for E . coli at 37◦C.

First, we focus on the correlation between the division size
ld and the birth size lb [Fig. 5(d1)]. The plot clearly shows a
positive correlation wherein a cell with a large (small) birth
size divides at a large (small) division size. This trend is
also consistent with the binned raw data indicated by open

circles and error bars, corresponding to the median and the
interquartile range of the binned data.

The plot between the added size � = ld − lb and the
birth size lb shows a slightly negative correlation for 37◦C
[Fig. 5(d11)] and approximately no correlation for 27◦C and
25◦C (Figs. S11 and S12 in the Supplemental Material). This
negative correlation is dimmed in the binned raw data (open
circles). Because of the reduced variation using the NN model,
we can identify the weak sizer property in Fig. 5(d11) at 37◦C.
Overall, these results support the adder principle, although it
is not necessarily perfect at high temperatures.

We emphasize here that our NN model does not presume
specific functional forms. This is in sharp contrast to con-
ventional statistical modeling, which assumes simple fitting
functions with a theoretically tractable degree of freedom.
As shown in Fig. 4, we use the neural network’s flexibility
to increase the degree of freedom of fitting functions. If a
linear fitting function was presumed, for example, the adder
principle could be inferred and reproduced more easily. How-
ever, our NN model does not assume such a function form.
Therefore, the NN model reproduced the adder principle only
from the information of the data. Further, the NN model can
avoid systematic biases observed in conventional binned data,
as discussed in the next section.

E. Underlying relations may not be represented appropriately
by a simple descriptive approach

To investigate whether the adder principle can account for
all the other correlations, we present the expected behavior of
the ideal adder model by the blue curves in Fig. 5(d) (see Sec.
1 in the Supplemental Material [26] for the ideal adder]. For
most plots shown in Fig. 5(d), the medians of the PDFs of
the NN model agree very well with the idealized adder model
(blue curves).

In contrast, in all plots—except in Figs. 5(d1), (d8), and
(d11)—the binned raw data fail to capture the trend expected
from the adder model. For example, if we naively assume a
constant added size of the adder model, the added size �

should be independent of the division size and birth size.
However, the binned raw data in Fig. 5(d10) show a clear
positive correlation with the division size. It should be noted
that the binned plots basically represent the actual distribution
of the data (Fig. S13 in the Supplemental Material [26]). The
deviation is not produced by the binning procedure, except for
the nonmonotonic behavior between elongation and division
size [Fig. 5(d2)], where the data size is relatively small for
small ατ s.

This discrepancy is believed to be caused by systematic
biases due to variability in the data, such as the different
magnitudes of noise in the birth size and division size [1],
and it does not overturn the adder hypothesis. In other words,
relevant variables must be chosen for the horizontal and ver-
tical axes to avoid such biases and to unerringly verify a
model with the data. Thus, when we do not know the relevant
variables a priori, we can obtain a correct relation only if we
happen to choose the right variable, as shown in Figs. 5(d1)
and (d8). Otherwise, the binned data may mislead us over
the underlying relation. By using the conditional PDF and its
representative value, the effect of such systematic biases is
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FIG. 5. Data for E . coli at 37◦C. (a) Trajectories of the actual birth and division sizes and the medians of the PDFs obtained by the NN
model. (b), (c) Density plots of the actual sizes and medians of the PDFs for (b) birth size and (c) division size. Identity lines are shown in blue.
(d) All correlations between all pairs of the four parameters: ld , lb, ατ , and �. Each density plot shows the correlation between each pair of
parameters calculated from the medians of the PDFs. With a birth size of lb, the PDF for the division size is used to calculate the division size
(ld ), elongation ατ = log(ld/lb), and added size � = ld − lb. Blue curves indicate the adder model with � = 2.35. Open gray circles and error
bars indicate the summary statistics of the binned raw data. Circles and bars represent the medians in the binned range and their interquartile
ranges, respectively.

eliminated between fluctuating variables, and a direct com-
parison between data and models becomes possible.

However, the discrepancy between the medians of PDFs
and the binned data can still possibly be an artifact of NN
modeling. In fact, the medians do not perfectly follow the
idealized adder relation in some plots, as shown in Figs. 5(d3),
(d6), and (d9). To exclude this possibility, we constructed
synthetic data of a stochastic adder model, in which the added

size is generated from a fixed right-skewed distribution by
reflecting the right skewness in the observed division distri-
bution (see Table S4 and Sec. 2 in the Supplemental Material
[26]). Then we used the synthetic data to train the NN model
(Fig. 6). Here, we assume that the birth size is given by
a perfect binary division l i

b = l i−1
d /2 for simplicity, and the

division size is given by l i
d = l i

b + zi, in which the added size
zi is drawn from a log-normal distribution.
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FIG. 6. Synthetic data for the adder model. The alternating sequences of lb and ld are synthesized as follows. For the birth size, a perfect
binary division is assumed so that l i

b = 0.5l i−1
d , where the superscript denotes the generation. For the division size l i

d = l i
b + zi, the added size zi

is drawn from the log-normal distribution L(μ, σ 2) with μ = 3 and σ = 0.5. (a) Trajectories of the actual birth and division sizes and medians
of the PDFs obtained by the NN model. (b), (c) Density plots of the actual sizes and medians of the PDFs for (b) birth size and (c) division
size. Identity lines are shown in blue. (d) All correlations between all pairs of the four parameters: ld , lb, ατ , and �. Each density plot shows
the correlation between each pair of parameters calculated from the medians of the PDFs. With a birth size of lb, the PDF for the division size
is used to calculate the division size (ld ), elongation ατ = log(ld/lb), and added size � = ld − lb. Blue curves indicate the adder model with
� = exp(μ). Open gray circles and error bars indicate the summary statistics of the binned raw data. Circles and bars represent the medians
in the binned range and their interquartile range, respectively.

For the synthetic data, the birth size is predicted al-
most perfectly by the median of the trained conditional PDF
[Fig. 6(b)]. Moreover, Fig. 6(c) shows that the synthetic data
reproduced an asymmetry between the median and the actual
size in Fig. 5(c) in a way such that the points distribute around
the line y = x, but larger deviations appear more above the
line. Thus, this asymmetry comes from the right skewness of
the added size and, as a result, of the division size, which is not

sufficiently represented by the median of the PDF. Figure 6(d)
also confirms that the PDF median can perfectly reproduce the
assumed adder property, whereas the binned plots (open gray
circles and error bars) fail to capture the property except in
Figs. 6(d1), (d8), and (d11), similarly to the case of the E. coli
data.

These results highlight a general advantage of the NN
model over the conventional descriptive plot of raw data,
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FIG. 7. Data for S. pombe under the YE condition at 30◦C. (a) Trajectories of the actual birth and division sizes and medians of the PDFs
obtained by the NN model. (b), (c) Density plots of the actual sizes and medians of the PDFs for (b) birth size and (c) division size. Identity lines
are shown in blue. (d) All correlations between all pairs of the three parameters: ld , lb, and �. Each density plot shows the correlation between
each pair of parameters calculated from the medians of the PDFs. With a birth size of lb, the PDF for the division size is used to calculate the
division size (ld ) and the added size � = ld − lb. Blue lines indicate � = −0.6lb + 310. Open gray circles and error bars indicate the summary
statistics of the binned raw data. Circles and bars represent the medians in the binned range and their interquartile ranges, respectively.

especially when we do not know which variables should work
as explanatory variables in advance. This advantage will be
of particular importance when we investigate cell physiology
properties other than cell size. With data binning, it will be
necessary to examine whether a trend in the data is a bias
derived from variation or a true relationship, similar to the
case of cell size. In this sense, the NN model can benefit physi-
cal modeling by extracting relations among multiple variables
from noisy data.

F. NN works for other microbes with different
size control mechanisms

Finally, we investigate S. pombe, whose size control law
differs from that of the perfect adder [17,29]. Figure 7 shows
the same analysis as in Fig. 5 for the YE condition at 30◦C
(see also Fig. S14 [26] for the EMM condition). The elonga-
tion is omitted because the growth of S. pombe may depart
from the exponential trajectory and because the equation ld =
lb exp(ατ ) used for E . coli may be invalid (see Fig. S15 [26]).
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The NN model reproduces the birth size of S. pombe
equally well as that of E. coli [Figs. 7(a) and 7(b)]. Further,
Fig. 7(d6) clarifies a significant negative correlation between
the birth size and the added size, whose slope is approximately
−0.6 (blue line). The slope of −1 in this plot posits the perfect
sizer principle in which a critical size exists for division. The
approximated slope of −0.6 indicates a size control between
the perfect adder and the sizer, which is consistent with previ-
ous studies [17,29].

Similarly to Fig. 5(d), all the plots of medians in Fig. 7(d)
agree with the weak sizer model of −0.6 (blue curves). On the
other hand, the binned data fail to capture the relations, except
in Figs. 7(d1) and (d6). This result reinforces the general
advantage of the NN method illustrated with the E. coli data.

Comparing the results for E. coli and S. pombe, a noticeable
difference between Fig. 5(c) and Fig. 7(c) is found; the actual
division sizes of S. pombe deviate from the prediction by
medians. This deviation can be attributed to the sizer aspect
of S. pombe size control. The perfect sizer principle posits
that the division occurs at a certain threshold size, which
makes the average division size independent of the birth size
as well as the other elements in the size history. Thus, if size
control approaches a sizer, the best statistical model is the
history-independent i.i.d. model that faithfully reproduces the
variation of division size around the threshold size.

To confirm this, we create a weak sizer model in which the
added size weakly depends on the birth size and is generated
in a probabilistic manner (Fig. 8 and Sec. 2 in the Supple-
mental Material [26]). Here, we assume that a perfect binary
division l i

b = l i−1
d /2 provides the birth size and that the divi-

sion size is given by l i
d = l i

b + zi, where the added size zi is a
realization drawn from a normal distribution with the median
−0.6lb + 800. Here, we chose the slope −0.6 from Fig. 7(d6).
By using these synthetic data, as shown in Fig. 8(c), the NN
model reproduces the division size distribution similar to that
in Fig. 7(c). Further, the plots in Fig. 8 perfectly reproduce the
assumed weak sizer property. As a result, the NN model can
effectively extract the relationship between variables hidden
by noise and the correlation among different variables.

V. CONCLUSION AND DISCUSSION

In this study, we have applied the NN method to the
problem of cell size control. Our method describes the size
dynamics as a history-dependent temporal point process and
directly models the integral of its intensity function by NNs.
Because it is free of the assumption of any specific func-
tional shape for the size distribution or its dependence on the
size history, our method enjoys extremely flexible expressive
power, whose performance was confirmed by using the time-
series data for E . coli and S. pombe.

One notable advantage of this method is that it can au-
tomatically separate two factors in size determination: a
history-dependent deterministic size control and a stochastic
component that cannot be explained only by the size his-
tory. With the history-dependent deterministic size control,
we confirm that the size control can be well approximated
as Markovian, which supports the general assumption (pre-
sumed in previous modeling) that the birth size is essential
for the next division size. It is also consistent with previous

analyses that used regression models [19,20]. With the second
factor, we can clarify that there still remains a large stochastic
component that cannot be explained only by the information
on past size, no matter how far back the history is considered.
This result implies that the division is determined not only by
the size but also by the interference of other processes in the
self-replication of a cell [1].

A substantial portion of stochasticity, which cannot be
explained by past sizes, hampers the discovery of unknown
relations from data [12,30]. The NN method flexibly repre-
sents the stochasticity in data in the form of a probability
distribution and its typical behavior as its representative value.
This representation allows us to identify the underlying rela-
tionships between variables that are difficult to capture clearly
in the conventional scatterplotting or binning of data. We
verified that the size control relations obtained by the NN
are consistent with those of the adder model of E . coli and
capture the sizer aspect in S. pombe.

These results demonstrate that the NN method is an
extremely powerful tool to semiautomatically separate deter-
ministic and stochastic factors from measured data. It can be
developed further as a complementary method to the conven-
tional modeling method.

Because the NN model that we used was developed origi-
nally for history-dependent temporal point processes [24], the
present method is also directly applicable to the cell cycle
duration—that is, the division interval. The division interval
is another phenotypic variable that is influenced by and in-
terferes with cell size control. Similarly to size, the division
intervals of mother and daughter cells show correlations. Al-
though models of cell size control typically predict negative
correlations [1,16], the correlation of division intervals can
be positive in a subset of bacterial experiments and most ob-
servations of mammalian cells [31]. The positive correlation
suggests that the division interval is a heritable quantity over
generations, whose dynamics have recently been inferred as
latent state dynamics from cellular lineage trees [32]. The
NN method we employed may contribute to disentangling the
relationship between cell size and division interval.

Further, we may extend its architecture to incorporate
cell size, division interval, and other variables (such as
gene expression) as a multidimensional history. The flexible
expression power of the NN method is indispensable for elu-
cidating the complicated mechanisms of cell division in which
various factors are involved. However, when we incorporate
multiple factors, the problem of causality must be addressed.
In the formulation of the point process, a division event is
the objective variable, whereas other variables, including past
division events, are treated as explanatory variables. When
only size is concerned, as in this study, the causal relationship
between the objective and the explanatory variables is evident.
However, when other factors are involved, the true causal
relationship among them is not known a priori. For example,
we should distinguish whether a high gene expression before
division induces cell division with a long division interval
or the long division interval leads to high gene expression.
To address such problems, it is important to develop an NN
method that can integrate causal inference, data from inter-
vention experiments, and techniques such as the dual reporter
system [33].
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FIG. 8. Synthetic data for the weak sizer model. The alternating sequences of lb and ld are synthesized as follows: For the birth size, a
perfect binary division is assumed such that l i

b = 0.5l i−1
d , in which the superscript denotes the generation. For the division size l i

d = l i
b + zi,

the added size zi is drawn from the normal distribution N (μ, σ 2) with μ = −0.6l i
b + 800 and σ = 200. (a) Trajectories of the actual birth and

division sizes and medians of the PDFs obtained by the NN model. (b), (c) Density plots of the actual sizes and medians of the PDFs for (b)
birth size and (c) division size. Identity lines are shown in blue. (d) All correlations between all pairs of the three parameters: ld , lb, and �.
Each density plot shows the correlation between each pair of parameters calculated from the medians of the PDFs. With a birth size of lb, the
PDF for the division size is used to calculate the division size (ld ) and the added size � = ld − lb. Blue lines indicate the weak sizer model,
with μ = −0.6lb + 800. Open gray circles and error bars indicate the summary statistics of the binned raw data. Circles and bars represent the
medians in the binned range and their interquartile ranges, respectively.
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APPENDIX A: PREPARATION OF DATA

The birth size lb, division size ld , and division interval τ are
defined from the E . coli data [25] as follows: The data were
recorded every minute, and the division events were indicated
by “division flags” (1 if division occurred). The birth size lb is
defined by the cell length at which each division occurred, and
the division size ld is defined by the length at the measurement
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immediately before division. The division interval τ is defined
as the time between consecutive division flags.

In the previous study, the measurement was conducted for
each cell over 70 generations: 70 lbs, 69 ld s, and τ s. We
combine the data for all the measured cells under each of
the three growth conditions (37◦C, 27◦C, 25◦C) to assure
sufficient training samples for learning. It contains a total of
160, 54, and 65 mother cell lineages at 37◦C, 27◦C, and 25◦C,
respectively.

For S. pombe, we use the data published in Ref. [8]. The
data were recorded every 3 min and contained millions of time
slices. Here, the authors of the study introduced and defined
several indices in each time slice to handle the large data as
follows (see Ref. [8] for further details). The status of a cell
(alive or dead) was indicated by the index “LastIndex.” If the
index was 0, the cell was alive. If the index was 1, it survived
at the end of the tracking in which the index “NextCell” was
set to 0. If the LastIndex was set to 2 or greater, the cell died
or disappeared from the channel. The division events were
indicated by indices “MergeIndex” and “NewBornCell.” If
the index MergeIndex was set to 1, the cell would undergo
cell division by the next time slice. If the index NewBornCell
was set to 1, the cell was divided between the current and the
immediately preceding time slices.

The parameters for S. pombe are defined by monitoring the
above indices as follows: The birth size lb is defined by the
cell area in which the LastIndex � 1 and NewBornCell =
1. The division size ld is defined by the cell area in which
the LastIndex � 1 and MergeIndex = 1. The division interval
τ is defined as the time between consecutive realizations of
LastIndex � 1 and MergeIndex = 1. Here, the time is not cal-
culated if the end of tracking occurs (NextCell = 1) between
the realizations.

For each of the seven culture conditions with different
media [yeast extract medium (YE) and Edinburgh minimum
medium (EMM)] and temperatures, the study introduced a
time window in which stable growth was achieved [e.g., t �
3000 (min) under YE conditions]. To select the data in the
time window, we monitor an index “Slice” in addition to the
above indices. For example, the parameters are defined only
if slice i satisfies i � 1000 for YE conditions in which slice i
corresponds to t = 3(i − 1) (min).

APPENDIX B: TRAINING AND VALIDATION OF THE
NEURAL NETWORK MODEL

For both data sets of E . coli and S. pombe, the sequences
of the birth size lb and the division size ld are divided into

training and validation data. Unless otherwise mentioned, the
first 80% and the last 20% of the sequences are used for
training and validation, respectively. In the training phase, the
model parameters are estimated by using the training data. For
the optimization, the Adam optimizer with a learning rate of
0.001 is used, with the batch size set to 256 [34].

We perform the training of lb and ld separately as follows.
For the division size ld , the sequences of lb and ld are for-
matted in the form of hm in Eqs. (1) and (3) for a given
length m. To calculate the PDF P(l|hm) of the next division
size of l = ld , the model parameters are estimated using the
collection of sequences hms. Similarly, the sequences of lb and
ld are formatted in the form of gm in Eq. (2) and (4) to calculate
the PDF Q(l|gm) of the birth size lb.

In the validation phase, we evaluate the performance of
the trained models for lb and ld using the validation data.
For each generation time i, the PDF of the division size ld
is calculated using Eq. (9) and scored by the negative log-
likelihood (NLL), − log P(l∗

d |hm) for the actual observation
l∗
d at i. Here, a smaller score indicates a better predictive

performance for the validation data. Finally, the average NLL
(MNLL) is calculated for ld s for different generations within
the validation data. Similarly, the performance is scored for a
birth size of lb.

The training and validation of the NN are performed by
using the code provided by Omi et al. [24] while making
necessary modifications specifically to distinguish hm and gm.
The code uses TensorFlow 2.0.0.

Unless otherwise mentioned, the hyperparameters of the
NN model are fixed as follows: The length of histories is m =
10. In the feed-forward network to learn the integral of the
intensity function, the number of units in each layer is 64, and
the number of layers is 2. The number of units in the RNN
to embed the history is fixed to 64. For the piecewise model
explained in Sec. II B, we fix L = 128 and τmax = 1.001 ×
ldata
max , where ldata

max denotes the maximum size in the data.
To characterize typical behavior of trained PDFs, we calcu-

late their medians by following Omi et al. [24]. The median l̃
is calculated by solving �(l̃ ) = log(2), in which �(l ) denotes
the integral of the intensity function. We also calculate the
characteristics of size control models as follows. Consider-
ing the most recent actual birth size lb in the history hm,
the added size is calculated as � = l̃d − lb. The elongation
ατ = log(l̃d/lb) is also computed from the median. Here, we
assume the equation ld = lb exp(ατ ) because the majority of
E . coli cells elongate exponentially with time and do not
display significant growth rate variations at specific cell stages
(see Fig. S16 in the Supplemental Material [26]).
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