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Abstract

We consider the setting of prediction with expert advice; a learner makes predictions by aggre-
gating those of a group of experts. Under this setting, and with the right choice of loss function and
“mixing” algorithm, it is possible for the learner to achieve constant regret regardless of the num-
ber of prediction rounds. For example, constant regret can be achieved with mixable losses using
the Aggregating Algorithm (AA). The Generalized Aggregating Algorithm (GAA) is a name for a
family of algorithms parameterized by convex functions on simplices (entropies), which reduce to
the AA when using the Shannon entropy. For a given entropy @, losses for which constant regret
is possible using the GAA are called ®-mixable. Which losses are ®-mixable was previously left
as an open question. We fully characterize ®-mixability, and answer other open questions posed
by Reid et al. (2015). We also elaborate on the tight link between the GAA and the mirror descent
algorithm which minimizes the weighted loss of experts.

1. Introduction

Two fundamental problems in learning are how to aggregate information and under what circum-
stances can one learn fast. In this paper, we consider the problems jointly, extending the under-
standing and characterization of exponential mixing due to Vovk (1998), who showed that not only
does the “aggregating algorithm” learn quickly when the loss is suitably chosen, but that it is in
fact a generalization of classical Bayesian updating, to which it reduces when the loss is log-loss.
We consider a general class of aggregating schemes, going beyond Vovk’s exponential mixing, and
provide a complete characterization of the mixing behavior for general losses and general mixing
schemes parameterized by an arbitrary entropy function.

In the game of prediction with expert advice a learner predicts the outcome of a random variable
(outcome of the environment) by aggregating the predictions of a pool of experts. At the end of
each prediction round ¢, the outcome of the environment is announced and the learner and experts
suffer losses based on their predictions. We are interested in algorithms that the learner can use to
“aggregate” the experts’ predictions and minimize the regret at the end of the game. In this case,
the regret is defined as the difference between the cumulative loss of the learner and that of the best
expert (in hindsight) after T" rounds; if ¢;(a}) [resp. ¢;(al)] is the loss suffered by expert 6 € [k]
[resp. the learner] who makes prediction aﬁ) [resp. a'] at round ¢, then after 7" rounds the regret can
be expressed as

Ry(T)= Y ty(al)— eiél[i] PRACHE

1<t<T 1<¢<T
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The Aggregating Algorithm (AA) (Vovk, 1998) achieves constant regret — a precise notion
of “fast learning” — for mixable losses (formally defined later); that is, R,(7") is bounded from
above by a constant R, independently of the number of rounds 7'. In this case, it is said that
the algorithm achieves a fast rate for the corresponding loss. Reid et al. (2015) introduced the
Generalized Aggregating Algorithm (GAA), going beyond the AA. The GAA is parameterized by
the choice of a convex function ® on the simplex (entropy) and reduces to the AA when ® is the
Shannon entropy. The GAA can achieve fast rates for losses satisfying a certain mixability condition
(®-mixability). In particular, when a loss £ is ®-mixable, the GAA achieves a constant regret Rg)
which depends jointly on the generalized mixability constant nf — the largest 7 such that ¢ is
(%(I))-mixable — and the divergence Dg(eg, q), where g € Ay is a prior distribution over experts
(indexed by 6 € [k]) and ey is the 6’th standard basis element (Reid et al., 2015). Characterizing
when losses are $-mixable was left as an open problem.

At each prediction round, the GAA can be divided into two steps; a substitution step where the
learner picks a prediction from a set specified by the ®-mixability condition; and an update step
where a new distribution g over experts is computed depending on their performance on the new
outcome of the environment and the previous distribution. The set of predictions specified by the
®-mixability condition is non-empty when the loss is ®-mixable. Interestingly, the update step of
the GAA is exactly the Mirror Descent Algorithm (MDA) (Steinhardt and Liang, 2014; Orabona
et al., 2015) which minimizes the weighted loss of experts. In fact, both the MDA and the GAA use
a divergence “measure” Dg, generated by a convex function ®, as a regularizer when updating the
distribution q.

Contributions. In this paper, we answer the questions presented by Reid et al. (2015) around
the notion of generalized mixability using entropic duality. For an entropy ® and a loss ¢, we derive
a necessary and sufficient condition (Theorems 15 and 16) for £ to be ®-mixable. In particular, if ¢
and @ satisfy some regularity conditions, then ¢ is ®-mixable if and only if 77,® — S is convex on the
simplex, where S is the Shannon entropy and 7, the largest 7 such that ¢ is n-mixable (Vovk, 1998;
van Erven et al., 2012).

We derive an explicit expression for TIZI) (Corollary 18), and hence, for the regret bound of the
GAA. This allows us to compare the regret bound R‘E of any entropy ® (such that ¢ is ®-mixable)
with that of the Shannon entropy S. In this case, we show (Theorem 19) that R? < RZI’; that
is, the Shannon entropy achieves the lowest worst-case regret when using the GAA. This fact is
similar to Vovk’s result regarding the fundamental nature of log-loss (Vovk, 2015). Nevertheless,
by leveraging the connection between the GAA and MDA, we discuss possible modifications to the
GAA to enable better regret bounds in practice.

In Section 2, we introduce notations used throughout the paper and give some background on
key notions in convex analysis which will be crucial in our proofs. We also present loss functions
considered in the paper and state some new results (Theorem 3 and 4) along with corrected proofs for
old ones (Theorem 5). In Section 3, we introduce the notions of classical and generalized mixability
and derive some useful properties and characterizations. In particular, we derive a necessary and
sufficient condition for ®-mixability (Theorems 15 and 16). We also elucidate the tight relationship
between the GAA and the MDA first observed by Reid et al. (2015). We conclude this paper by a
general discussion and direction for future work.
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2. Preliminaries

In this section, we introduce the notation used throughout the paper and present some key concepts
in convex analysis. We also define entropies and describe loss functions considered in this paper.
Furthermore, we present some new results regarding the latter.

2.1. Notations

For n € N, we define n = n — 1. We denote [n] := {1,...,n} the set of integers between 1 and
n. Let (-, -) denote the standard inner product in R and ||-|| the corresponding norm. Let ,, and 1,,
denote the n x n identity matrix and the vector of all ones in R”. Let ey, . . ., e, denote the standard
basis for R™. ForasetZ C Nand 71,...,7r, € R*, we denote [r;];e1 == [riy, ... T € R™*k,
where Z = {iy,..., it} and i1 < --- < ix. We denote its transpose by [Ti];rel € RF*™ For two
vectors p,q € R", we write p < q [resp. p < ql, if Vi € [n],p; < ¢; [resp. p; < g;]. We also
denote p © q¢ = [pigil{<;<,, € R" the Hadamard product of p and q. If (cj) is a sequence of
vectors in C C R”, we simply write (¢;) C C. For a sequence (v,,,) C R”, we write v,, " — v
or limy, o0 vy, = v, if Vi € [n],lim,,o0[vm]i = v;. For a square matrix A € R™™ "™, A\pin(A)
[resp. Amax(A)] denote its minimum [resp. maximum] eigenvalue. For k > 1, u € [0, —|—oo[k and
w € R¥, we define log u == [log u;]{ ) € R* and expw = [expw;]]_,., € RF.

Let A, := {p € [0,+oc[™ (p,1,) = 1} be the probability simplex in R™. We also define
A, = {p € [0, 40" (p,1;) < 1}. We will use the notations A¥ := (A,,)* and AF = (A,)F.
For Z C [n], the set Az = {q € A, : ¢ = 0,Yi € [n] \ I} is a |Z|-face of A,,. We denote
IT7 : R* — R/ the linear projection operator satisfying II7u = [ul];'—EI It is easy to verify that
Iy’ = 1 iz) and that ¢ — IlI7q is a bijection from Az to Ajz. In the special case where
Z = [n], we write IT,, == IIi%; and we define the affine operator I, : R — R" by I, (u) =
[ug, ..., uz, 1 — (u,13)]T = Ju + e, where J,, == [_I{ly € R,

For u € R" and ¢ € R, we denote H,, . = {y € R" :n<y, u) < ¢} and B(u,c) = {v € R":
|lu —v|| < c}. Hacis aclosed half space and B(u, c) is the c-ball in R™ centered at u. Let C C R”
be a non-empty set. We denote int C, riC, bd C, and rbd C the interior, relative interior, boundary,
and relative boundary of a set C € R", respectively (Hiriart-Urruty and Lemaréchal, 2001). We
denote the indicator function of C by ¢, where for u € C, t¢c(u) = 0, otherwise (c(u) = +oo. The
support function of C is defined by

oc(u) =sup(u,s), u e R"
seC
Let f: R" — R U {+o0}. We denote dom f := {u € R" : f(u) < 400} the effective
domain of f. The function f is proper if dom f # (). The function f is convex if V(u,v) € R"
and A €]0,1], f(Au + (1 — Nv) < Af(u) + (1 — A)f(v). When the latter inequality is strict
for all w # v, f is strictly convex. When f is convex, it is closed if it is lower semi-continuous;
that is, for all w € R", liminf,_,, f(v) > f(u). The function f is said to be 1-homogeneous

if V(u,a) € R"x]0,4o00[, f(au) = af(u), and it is said to be 1-coercive if % — 400 as
|u|| — oo. Let f be proper. The sub-differential of f is defined by

Of(u) ={s* e R": f(v) > f(u) + (s",v —u),Vv € R"}.
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Any element s € 0f(u) is called a sub-gradient of f at u. We say that f is directionally differen-
tiable if for all (u, v) € dom f x R™ the limit limy o L4 =T () exigts in [~ o0, 4-00]. In this case,
we denote the limit by f/(u;v). When f is convex, it is directionally differentiable (Rockafellar,
1997). Let f be proper and directionally differentiable. The divergence generated by f is the map
Dy: R™ x dom f — [0, +oc] defined by

D¢(v,u) = { f(v) = f(u) = f(u;v —u), ifvedom f;

400, otherwise.

For Z C [n] and f == f o [[I}]T, it is easy to verify that (fZ) (II%p; 11%q — 1%p) = f'(p;q —
P),V(p,q) € Az. In this case, it holds that D¢(q,p) = Dz (Il3q,117p). If f is differentiable
[resp. twice differentiable] at w € int dom f, we denote V f(u) € R™ [resp. Hf(u) € R™ "] its
gradient vector [resp. Hessian matrix] at w. A vector-valued function g: R™ — R is differentiable
at w if for all i € [m], g; is differentiable at w. In this case, the differential of g at w is the
linear operator Dg(u) : R — R™ defined by Dg(u) = [Vg;(u)]{<;<,,. If f has k continuous
derivatives on a set 2 C R, we write f € C*(Q).
We define f : R — RU {+o0} by f := foll, + ¢4 . Thatis,
v | flJhu+ey,), forue A,
) = { +o00, fora € R*1\ A,,. b

If f is directionally differentiable, then f'(p,q — p) = f'(p,4 — p), for p,q € A,. If fis
differentiable at p = II,,(p), then f! (p,g—p) =(V f (p), g—p). If, additionally, f is differentiable
at p € ri Ay, the chain rule yields V f(p) = JIV f(p). Since J,,(p — G) =1,,(p—G) =p — q, it
also follows that (p — ¢, Vf(p)) = (p — q, Vf(p)).

The Fenchel dual of a (proper) function f is defined by f*(v) = supycdom (4, v) — f(u), and
itis a closed, convex function on R™ (Hiriart-Urruty and Lemaréchal, 2001). Some useful properties
of the Fenchel dual are given in Appendix A.

2.2. Entropies on the simplex

A function ®: R*¥ — RU {400} is an entropy if it is closed, convex, and A, C dom ®. Its entropic
dual ®* : RF — R U {400} is defined by ®*(2) = supgen, (q,2) — ®(q),z € R*. For the
remainder of this paper, we consider entropies defined on R*, where k > 2.

Let ®: R¥ — R U {+oc} be an entropy and ®p = & + ta, - In this case, * = @7 Itis clear
that ® A is 1-coercive, and therefore, dom ®* = dom &% = R* (Hiriart-Urruty and Lemaréchal,
2001, Prop. E.1.3.8). The entropic dual of ® can also be expressed using the Fenchel dual of
® : R¥1 — R U {+00} defined by (1) after substituting f by ® and n by k. In fact,

Q*(Z> = sup <qu + €k, Z> - q)(’]]fq + ek)7

= <ekaz> + SUP <q~a Jl;rz> - &)(q)a
gely,
= (e, 2) + ©*(J} ), )

where (2) follows from the fact that dom & = ~Ak. Note that when @ is an entropy, ® is a closed
convex function on RF~1. Hence, it holds that ®** = & (Rockafellar, 1997).
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The Shannon entropy by S(q) = Zie[k]:qﬁéo q;log ¢;," if g € [0, +oo[¥; and +oo otherwise. In
the next proposition, we give the expressions of the entropic dual of S as well as the Fenchel dual

S. The proof is in Appendix C.1.

Proposition 1 For the Shannon entropy S, it holds that S™ (v) = log({exp(v), 1;)+1), Vo € RF1
and S*(z) = log{exp(2), 11),Vz € R*,

2.3. Loss Functions

In general, a loss function is a map ¢: X x A — [0,4o00] where X is an outcome set and A is a
prediction set. In this paper, we consider the case of n possible outcomes; X = [n]. Overloading
notation slightly, we define the mapping ¢: A — [0, +00]" by [{(a)], = ¢(z,a),Vx € [n] and
denote £, (-) = [£(-)]s. We further extend the new definition of ¢ to the set |~ .A* such that
forz € [n] and A = [ag]ge[k] € A, we have (,(A) == Vw(a@ﬂge[k] € [0,4o00]k. We define
the effective domain of ¢ by dom/? = {a € A : {(a) € [0,+00["}, and the loss surface by
Sy = {l(a) : a € dom¢}. We say that ¢ is closed if Sy is closed. The superprediction set of ¢
is defined by 8?9 = 8¢ @ [0, +oo[™, where @ denotes the Minkowski sum. The 7-exponentiated
superprediction set of ¢ is defined by exp(—nS}”) :== {exp(—ns) : s € S/} Let ap, a1 € A. The
prediction ay is said to be better than a; if £(ag) < ¢(a;) and for some = € [n], {z(ap) < lz(a1)
(Williamson et al., 2016). A loss ¢ is admissible if for any a € A there are no better predictions. A
loss £ is said to be rrivial if there exists a prediction a € A which minimizes ¢ over all outcomes
x € [n]. Thus, a closed loss is non-trivial if there exists (xg, x1,ap,a1) € [n] X [n] x A x A such
that

a; € argmin{/l,,(a) : {;, (a) = (irel,legm (a)} and (irelﬁlem()(a) = Uy (ao) < lyy(a1). (3)

In the rest of this paper, we will often make use of the following condition on losses.

Condition I 7 is a closed, admissible, and non-trivial loss such that dom ¢ # ().

In this paragraph let A = A,,. We define the conditional risk Ly : A, X A, — Rby Ly(p, q) =
Ezpllz(q)] = (p,¢(q)) and the Bayes risk by L,(p) := infgea,, L,(p, g). In this case, the loss £
is proper [resp. strictly proper] if L,(p) = (p,{(p)) < (p,4(q)) [resp. (p,L(p)) < (p,£(q))] for
all p # q in A,,. For example, the log-loss liog : A, — [0, +00]™ is defined by £1,5(p) = —log p,
where the “log” of a vector applies coordinate-wise. One can easily check that /), is strictly proper.
We denote Ly, the corresponding Bayes risk.

The above definition of the Bayes risk is restricted to losses defined on the simplex. For a loss
0: A — [0, +00]™, we use the following definition of the Bayes risk.

Definition 2 (Bayes Risk (Williamson, 2014)) Let (: A — [0, +00]" be a loss such that S, # .
The Bayes risk L, : R — R U {—o0} is defined by

Vu e R",  Ly(u) = inf (u,z)=—0gs(-u).
2:68?9 ¢

1. The Shannon entropy is usually defined with a minus sign. However, it will be more convenient for us to work
without it.
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Note that since S; is a non-empty subset of [0, +oo[", u US?(—U) is convex and finite on
[0, 400[™; it is bounded from above by 0. In particular, 808?9(—19) # ( forall p € riA, C
int dom g8 =]0, +o00[™ (Rockafellar, 1997, Thm. 23.4).

We call £ : A, — [0,+00]™ a support loss of ¢ if Vp € ril\,, {(p) € 60559(—p), and

m—o0

Vp € rbd A, there exists a sequence (p,,) C ri Ay, such that £(p,,)  —  £(p).

Theorem 3 Any loss £: A — [0, +00|"™ such that dom £ # (0, has a proper support loss £ whose
Bayes risk is L,.

The proof of the proposition is in Appendix C.2. Note that when the Bayes risk is differentiable
on |0, +oo[", or equivalently, when u — o 59 (—u) is differentiable on |0, +oc[", the support loss

of £ is uniquely defined on ri A,,. This is because when o 5@ is differentiable at —p, do 5@ (—p) =
{VUSZ@ (—p)} = {{(p)} (Hiriart-Urruty and Lemaréchal, 2001, Cor. D.2.1.4). '

Theorem 4 Let (: A — [0,400]™ be a loss satisfying Condition I and { a proper support loss of
0. If L, is not differentiable at p then there exist ag,a; € dom/, such that {(ay) # ¢(a1) and

L(p) = (p,£(p)) = (P, l(a0)) = (p, {(a1)).
If the Bayes risk L, is differentiable on |0, +00[", then

Vp € dom¥, 3Fa, € dom?l, {(a,) = {(p),
Va € dom?, I(pn) Crid,, Lpm) "= {(a).

The proof is in Appendix C.3. Note that we always have riA,, C dom{. Consistent with the
notations introduced in the previous subsection, we writez :={oll, and Lg = L,oll,.

In the literature, many theoretical results involving loss functions relied on the fact that the
superprediction set of a proper loss is convex (Williamson et al., 2016; Dawid, 2007). An earlier
proof of this result by Williamson et al. (2016) was incomplete®. In the next theorem, we restate
this result and prove it in Appendix C.4.

Theorem 5 If(: A, — [0, +oc[" is a continuous proper loss, then Sy = Npea, H-p,—L,(p)- In
particular, SgB is convex.

3. Mixability in the Game of Prediction with Expert Advice

Here, we consider the setting of prediction with expert advice (Vovk, 1998); there is pool of k
experts, parameterized by 6 € [k], which make predictions a}, € A at each round ¢. In the same
round, the learner predicts a, € F(A!) € A, where A® = [a}];<g<i € A is the matrix of experts’
predictions and F is set valued aggregating function on A”*. At the end of the round, the outcome
x! € [n] is announced and each expert 6 [resp. learner] suffers a loss £, (ag) [resp. £,:(ax)], where
¢: A— [0, +o0]™. We will refer to such a game by G,(k,T").

Vovk (1998) introduced the Aggregating Algorithm (AA) which specifies the aggregating func-
tion F' of the learner. When a loss ¢ is n-mixable (see below) the AA achieves constant regret in

2. It was claimed that if SL?B is non-convex, there exists a point s on the loss surface S, such that no hyperplane supports
S [@ at so. The non-convexity of a set by itself is not sufficient to make such a claim; the continuity of the loss ¢ is
required.
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the Gy(k,T') game; the difference between the cumulative loss of the learner and the best expert is
upper bounded by a constant independent of the number of rounds 7'.

The Generalized Aggregating Algorithm (GAA) (Reid et al., 2015) uses an entropy function
®: R¥ — R U {+00} to specify the learner’s aggregating function . The GAA also achieves a
constant regret when a certain condition is satisfied (®-mixability). The GAA reduces to the AA
when ® is a scaled Shannon entropy S.

Definition 6 (y-mixability) Forn > 0, a loss {: A — [0, +00]™ is said to be n-mixable, if Vq €
Ap, VA = [ag]ge[k] e A* 3a, € A, such that

Vo € [n], Llyo(a.) < —n~'log (exp(—nl.(A)),q). “4)

Chernov et al. (2010) showed that the n-mixability condition (4) is equivalent to the convexity
of the n-exponentiated superprediction set exp(—nSe69 ). The largest 1 such that ¢ is 7-mixable is
denoted ny. If 5, > 0, we say that ¢ is classically mixable.

For a strictly proper loss £: A, — [0, +0o[" whose Bayes risk satisfies L, € C?(]0, +oco["),
van Erven et al. (2012) showed that the mixability constant 7, is equal to

e = inf - (Amax([HLiog (B)] " "HL,(9))) ", Q)
peEint A,

The next theorem extends this result by showing that the mixability constant 7, of any loss £: A —
[0, +-00[" satisfying condition I and such that L, is twice differentiable is lower bounded by 7.

Theorem 7 Letn > 0, {: A — [0,+00|™ a loss satisfying Condition I, and { a proper support
loss of {. Suppose that dom { = A and that L, is twice differentiable on |0, +oc[". Then for n; as
in (5), we have g > 0 = {is ng-mixable. In particular, 1y > 1.

The proof of the theorem is in Appendix C.5. We will show later (Corollary 17) that, under the
same conditions of Theorem 7, we actually have 7, = .

Definition 8 (®-mixability) * Let &: R¥ — R U {400} be an entropy. A loss £: A — [0, +0c]”
is ®-mixable ifVq € A, VA = [ag]1<o<k € A¥, a. € A, such that

Vo € [n), fa(a) < Mo(£(4).0) = inf (d,(a(4)) + Da(d. ). ©

As stated earlier, when / is (%q))—mixable, the GAA (see Figure 1) can achieve a constant regret
in the Gy(k,T') game, where the constant does not depend on 7. In fact, Reid et al. (2015) showed
that forall 7" > 1 and 0 € [],

D twlal) < Y Lul(ag) + RY,

1<i<T 1<i<T

where sz = infgen, maxgey] Dg(ep,q)/ 7]21) is the worst-case regret, n}b is the generalized mixa-
bility constant (defined formally in Corollary 18), and (al) are the outputs of the GAA with initial
distribution over experts g° = argminge o, maxge(r Do (eg, ).

3. Our definition of ®-mixability is slightly different than that introduced by Reid et al. (2015); we use the directional
derivative to define the divergence D .
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Aggregating Algorithm Generalized Aggregating Algorithm
Input: ¢° € A, n<n,, T > 1. Input: ¢° € Ay, n <n2, T > 1.
fort=1toT fort=1toT
Observe A = [a}]1<p<i € AF. Observe A = [a}]1<p<k € AF.
Find al € A such that Vz € [n], Find al € A such that Vx € [n],
lx(al) < —n~"log(exp[—nls(A)], ¢ ). lx(a}) < Mén(éz(At)»qt_l)-
Observe outcome x! € [n]. Observe outcome z! € [n].
=1 g (— ¢ t_ : t t—1
Set gy = Iy e W0 € [k, St = argn{un for(A40)) 4 Dok a7,
end for end for

Figure 1: The AA versus the GAA in the Gy(k,T) game. A’ and x' are the experts’ predictions
and environment outcome at round ¢, respectively. g° is a prior distribution over experts
and 7 is the learning rate. We used the notation ®,, := ~1®. When / is n-mixable [resp.
®-mixable] the AA [resp. GAA] achieves constant regret using the learner’s predictions
(ai)lgth, which are guaranteed to exist. The GAA reduces to the AA when ® = 77_1 S
and S is the Shannon entropy.

Remark 9 In order for the update distribution q' of the GAA (Figure 1) to be well defined, the
infimum of the map p — (p,d) + D (p, q) must be attained at some q. € Ay for any given
(d,q) € [0,+00]" x Ay. We verify this for ¢ € riAy; since ¢ € intdom® = int Ay, the
function i — 7&3,(6; [ — q) is lower semicontinuous (Rockafellar, 1997, Cor. 24.5.1). Given
that fu = (I(1), d) + ®(f1) — ®(§) is a closed convex function, it is also lower semi-continuous.
Therefore, the function fi — (I1,(f1), d)+®(ft) —®(§)—P'(G; fr—q) is lower semicontinuous, and
thus attains its minimum on the compact set Ak at some point q, (Holder, 2005, Thmn. 1.13). Using

the fact that Do (1, q) = Dg(f, q), we get that q. == 11(q.) = argmin,cn, (1, d) + Do (1, q).

When g in Remark 9 is in rbd Ay, then either q is a vertex or there exists Z C [k], with |Z| > 1,
such that ¢ € ri Az. In either case, if we require the existence of a ®-mixable loss one can use
Proposition 11 below and % := ® o [[14]T to show that p + (s, d) + Do (s, q) attains a minimum
in Az by following the steps of Remark 9. In this case, the GAA’s update step is well defined.

From Figure 1, it is clear that the GAA is divided into two steps; 1) a substitution step which
consists of finding the prediction a, € A satisfying the mixability condition (5); and 2) an update
step where a new distribution over experts is computed. Note that the substitution step is not well
defined in the sense that there is not a unique choice of a,. One systematic way of choosing a.
is through inverse losses serving as substitution functions (Williamson, 2014). Kamalaruban et al.
(2015) discuss other alternatives depending on the curvature of the Bayes risk. Note, however, that
the choice of the substitution function does not affect the regret bound of the GAA when the loss
¢ is ®-mixable. On the other hand, the update step is well defined and we show next that this is
exactly the MDA for a certain sequence of losses.

Example 10 (GAA versus MDA) Let (: A — [0, +00[" be a loss and P RF — R U {+o0} an
entropy such that ® is differentiable on int Aj. Let q' be the update distribution of the GAA at
round t and q* = 11(q"). From Remark 9, it holds that
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q' = argmin (11(§), £+ (A")) +n ' Dg(q,q" ),

geAyg

= argmin (4, J] 6,0 (A%) ) + 17 Dg(d,d" "),
geAyg

= argmin (¢, VI,(¢' ")) + 7 'Dg(q,4" "), (7
geAy

where l(f1) = (L (f1), Lo (A)) = (p, lor (AY)). Update (7) is, by definition (Beck and Teboulle,
2003), the MDA with the sequence of losses l; on int Ay, “distance” function Dg(-, ), and learning
rate 1. Therefore, the MDA is exactly the update step of the GAA.

3.1. Useful Properties

Given a differentiable entropy on Ay, Reid et al. (2015) showed that for a non-trivial loss to be
®-mixable, ® must have gradients whose norms diverge to infinity near the relative boundary of the
simplex. However, the proof of this result assumed differentiability of ® on the boundary of Ay,
which is imprecise given that in their definition, @ is a function on A, — a set with empty interior.
In the next proposition, we show that a variant of their result holds when working with directional
derivatives. This will be crucial for subsequent results. Before stating the next proposition, note that
given an entropy ®: R¥ — R U {400} and Z C [k] with |Z| > 1, the function ®T := & o [TI4]T :
RIZI — R U {400} is also an entropy.

Proposition 11 Let ®: R — RU{+o00} be an entropy and £: A — [0, +oo|" a closed non-trivial
loss. If { is ®-mixable, then VI C [k] with || > 1, £ is ®-mixable and

Vq € tbd Az,Vq e riAz, ®'(q;G — q) = —cc. ®)

The proof of Proposition 11 is in Appendix C.6. Contrary to what was claimed previously (Reid
et al., 2015), condition (8) together with the strict convexity and differentiability of ® on ri Ay is
not sufficient for the existence of a ®-mixable loss (see Appendix D for a counter-example).

In the next proposition, we show that the Bayes risk and the Fenchel dual of ® need to be
differentiable in the interior of their respective domains for the existence of a ® mixable loss. As we
will argue later (Lemma 35), the differentiability of ®* implies the strict convexity of ® on ri Ay,.
The proof of the next proposition is in Appendix C.7.

Proposition 12 Let ®: R¥ — R U {+o00} be an entropy and £: A — [0, +oo|™ a loss satisfying
Condition 1. If { is ®-mixable, then the Bayes risk satisfies L, € C'(]0,400["). If, additionally, L,
is twice differentiable on |0, +oc[", then ®* € C1(RF1),

In the next lemma (proved in Appendix C.8), we provide a useful expression of Mg (d, ), which
will be used to prove a sufficient condition for ®-mixability (Theorem 15).

Proposition 13 Let &: R¥ — R U {400} be an entropy. Let x € [n],d € Rqu € riAy, and
g« = argmin,,ca, (i, d) + Do, q). Then any sy € argmax{(s, g« — q) : s € 9P(q)} satisfies
4. € 00* (s}, — J/ d), 9)

Mo (d, q) = dj + ®*(s}) — ®*(s}, — J{ d). (10)
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3.2. The generalized aggregating algorithm using the Shannon entropy S

The purpose of this subsection is to show that the GAA reduces to the AA when the former uses the
Shannon entropy. In this case, generalized and classical mixability are equivalent.

Let £: A — [0,+00]™ be a loss and ® be as in Proposition 13 and suppose that & and P* are
differentiable on ri A and RF 1, respectively. If we substitute d for £,,(A) in (9) and (10), where
A € (dom £)¥, it is possible to show that

VOX(Vo(q) — £.(A)) = argrilinm,éx(fl» + Do (p, q), (1
HEAL
Mg (£:(A),q) = D*(VO(q)) — 2*(VO(q) — L.(A)). (12)

This result was already established by Reid et al. (2015).

Let g € ri Ag. By definition of S, V S(q) = log g + 1k, and due to Proposition 1, S*(z) =
log(exp z,1;),z € RE. Therefore, VS(q) — nl.(A) = log(exp(—nfz(A)) ® q) + 1; and
VS*(z) = =222 V(z, A) € [n] x (dom £)*. Thus,

(exp z,1y)

95 (780) - () - S O

Let S, :=n"'S. Then VS = nV S, and Vz € R*, V S;(z) = V S*(nz) (Reid et al., 2015).*
Then the left hand side of (13) can be written as V S} (V S;/(q) — £2(A)). Using this fact, (11) and
(13) show that the update distribution g* of the GAA (Figure 1) coincides with that of the AA after
substituting g, , and A by ¢!, 2", and A" := [ag]gcy). respectively.

Now using the fact that Mg, (¢;(A), q) = n'Ms(nlz(A),q) (Reid et al., 2015) and (12), we
get Mg, (€,(4), @) = 1~ '[S*(V S(a)) — S*(V S(a) — 1ta(4))] = —~loglexp(—nt.(A)), ).
Suppose now that g belongs to relative interior of a face Az C Ay, with Z C [k]. We can repeat the
argument above for S7 := S o[TT4]T to show that

(13)

Mgz (15 (A), I7q) =~ log(exp(—nltla(A)), i),
=—n! log({exp(—nt,(A)), q). 14)

Equation 14 will now allow us to prove the equivalence between classical and generalized mix-
ability when using the Shannon entropy. The proof of Theorem 14 is in Appendix C.8.

Theorem 14 Letn > 0 and S, = —L1S, where S is the Shannon entropy. For a loss {: A —
[0, +00]", ¢ is n-mixable if and only if { is S,-mixable.
3.3. Necessary and Sufficient Conditions for ®-Mixability

In this subsection, we show that given an entropy ®: R¥ — RU{+oco} andaloss £: A — [0, +-00[?
satisfying certain regularity conditions, ¢ is ®-mixable if and only if

7¢® — S is convex on Ay. (15)

4. Reid et al. (2015) showed the equality V&7 (u) = V®*(nu), Vu € dom ®*, for any entropy differentiable on A, -
not just for the Shannon Entropy.

10
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Theorem 15 Let ®: R¥ — R U {+occ} be an entropy and £: A — [0, +00]" be a loss. If ne® — S
is convex on Ay, then ¢ is ®-mixable.

As consequence of Theorem 15 (whose proof is in Appendix C.10), if a loss ¢ is not classically
mixable (that is, ny = 0) it cannot be ®-mixable for any entropy ®. This is because 7, ® — S = — S
is not convex. The converse of Theorem 15 also holds under additional smoothness conditions on
® and / as stated in the next theorem. The proof is in Appendix C.11.

Theorem 16 Let ®: R¥ — R U {400} be an entropy such that ® = ® o 11, is twice differen-
tiable on int Ay, and (: A — [0,+00]™ a loss satisfying Condition I and such that L, is twice
differentiable on |0, +o0o[". Then { is ®-mixable only if n® — S is convex on Ay,

The twice differentiability condition of L, in Theorem 16 is not as strong as it may first appear;
we showed in Proposition 12 that ¢ is ®-mixable only if L, € C*(]0, +oo[)™. Furthermore, since
L, is concave, Alexandrov’s Theorem (see e.g. (Borwein et al., 2010, Thm. 6.7)) guarantees that
L, is twice differentiable almost everywhere in |0, +-00[". A version of Theorem 16 which does not
assume the twice differentiability of the Bayes risk is given in Appendix D (Theorem 38).

Corollary 17 Let £ and ® be as in Theorem 16. If dom{ = A, then 1y = 1. Furthermore, { is
-mixable if and only if 1,® — S is convex on Ay.

Proof We already know from Theorem 7 that 7, < 7. Suppose now that £ is classically mixable.
By definition of 7, £ is ny-mixable, and thus from Theorem 14, £ is (77[1 S)-mixable. Substituting
o for ngl S in Theorem 16 implies that (1,/n, — 1) S is convex on ri Aj. Consequently, 1, < 7y,
and hence 7; = 7. From this fact and Theorems 15 and 16, it follows that £ is ®-mixable if and
only if n,® — S is convex on Ay, |

Corollary 17 suggests that when the Bayes risk is twice differentiable on the interior of its
domain it contains all necessary information for the characterization of classical mixability.

Corollary 18 (The Generalized Mixability Constant) Let ¢ and ® be as in Theorem 16. If dom £ =
A, then the largest ) > 0 such that { is ®,-mixable is given by

ng =mnp inf  Amin(H®(@)(HS(g) ™). (16)
geint Ay

The proof is in Appendix C.12. Observe that if we substitute ® by S in (14), we get 7]? = Ne.

4. Discussion and Future Work

So far, we showed that the ®-mixability of losses satisfying Condition I are characterized by the
convexity of n*® — S, where n* € {ny, 7} (see Theorems 15 and 16). As a consequence of this,
and contrary to what was conjectured previously (Reid et al., 2015), the generalized mixability
condition does not induce a correspondence between losses and entropies; for a given loss /, there
is no particular entropy ® — specific to the choice of £ — which minimizes the regret of the GAA.
Rather, the Shannon entropy S minimizes the regret regardless of the choice of ¢ (see Theorem 19

11
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for the precise statement). This is consistent with Vovk’s result regarding the fundamental nature of
the log-loss (Vovk, 2015).

Nevertheless, given a loss ¢ and entropy ®, the curvature of the loss surface Sy determines the
maximum learning rate 7721’ of the GAA; in other words, it determines for which scaled entropies
o, = 1o, /s &, -mixable. In fact, the curvature of Sy is linked to 7, through the Hessian of
the Bayes risk (see Theorem 41 in Appendix E.1 for the precise statement). The magnitude of e
determines the learning rate 772I> as per Corollary 18.

Given a loss ¢ satisfying Condition I, we will now use the expression of the generalized mixabil-
ity constant n}’ to explicitly compare the regret bounds achieved using the GAA with different en-
tropies. For an entropy ®: R¥ — RU{+oc}, we define R (q) :== maxy Do (eg,q)/ng, q € 1i Ay
The optimal regret bound achieved using the GAA is given by R}I’ = infgen, R?(q) (Reid et al.,
2015). The next theorem shows that R? < Rg’. The proof is in Appendix C.13.

Theorem 19 Let S,: RF - RU {+o<3}, where S is the Shannon entropy and ® is an entropy
such that ® is twice differentiable on int Ay. A loss ¢ : A — [0, +o0[", satisfying Condition I and
with L, twice differentiable on |0, +oo[", is ®-mixable only if R} < RY.

We conjecture that the result of Theorem 19 still holds even if one relaxes the smoothness require-
ment on ® and L.

The result of Theorem 19 only concerns the worst case bound of the GAA. Since the update step
of the GAA is exactly the MDA one can perhaps benefit from varying the entropy and the learning
rate at each round to improve the regret bounds (Steinhardt and Liang, 2014; Joulani et al., 2017).
In this scenario, at each round ¢ the (adaptive) GAA would use a different entropy ®! computed
according to the past performance of experts. Corollary 18 would still give an upper bound on the
learning rate ' at each round ¢ as a function of the Hessian of ®!. Furthermore, this upper bound
could be made larger by only requiring the ®-mixability condition (5) to be satisfied locally; that
is, ensuring (5) for ¢ = ¢~' and A = A' € A*, where q*~! is the previous distribution over
experts and A? is their prediction matrix. This would allow higher learning rates and potentially
faster convergence.
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Appendix A. Additional Background Results

The following proposition gives some useful properties of the Fenchel dual which will be used in
several proofs.

Proposition 20 (Hiriart-Urruty and Lemaréchal (2001)) Let f,h : R" — RU {+oo}. If f and
h are proper and there are affine functions minorizing them on R", then for v € R"

(2) g(u) = f(u) +r = g"(v) = f*(v) -,
(1)  g(u) = f(u) +(vo,u) = g"(v) = [f"(v—wo),
(i)  f<h = [Tz

(iv)  sedf(v) = [(v) = (v,8) = f(s),
(v g(u) = f(tu),t >0 = g*(v) = f*(v/t),

The following result due to Chernov et al. (2010) will be crucial to prove the convexity of the
superprediction set (Theorem 5).

Lemma 21 (Chernov et al. (2010)) Let A(QY) be the set of distributions over some set ) C R. Let
a function @Q : A(Q2) x Q — R be such that Q(-,w) is continuous for all w € Q. If for all w € A()
it holds that E . Q(7,w) < r, where r € R is some constant, then

dIr e A(Q),Vw € Q, Q(m,w) <7

Note that when €2 in the lemma above is [n], A([n]) = A,,.
We make use of the following lemma due to Bernstein (2011) in proving a necessary condition
for ®-mixability (Theorem 16).

Lemma22 Vm > 1,VA, B € R™™ X\ (AB) = Amax(BA) and Amin(AB) = Amin(BA).

Appendix B. Technical Lemmas

This appendix presents technical lemmas which will be needed in various proofs within this paper.

For an open convex set €2 in R", a function ¢: {2 — R is said to be a-strongly convex if z
¢(u) — a ||u|/? is convex on © (Merentes and Nikodem, 2010). The next lemma is a generalization
of a-strong convexity, where u — ||u||? is replaced by any strictly convex function.

Lemma 23 Let ) C R"™ be an open convex set. Let ¢, : {2 — R be twice differentiable.
If ¢ is strictly convex, then Yu € Q, Hi)(u) is invertible, and for any o > 0

Vu € Q, Ain(Ho(uw)(Hy(u) ™) > o <= ¢ — av) is convex, (17)
Furthermore, if o > 1, then the left hand side of (17) implies that ¢ — ) is strictly convex.

Proof Suppose that infy,cq Amin(Ho(w)(Hy(u))~!) > a. Since g is strictly convex and twice
differentiable on €2, Hy(u) is symmetric positive definite, and thus invertible. Therefore, there
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exists a symmetric positive definite matrix G € R"*" such that GG = Hy(u). Lemma 22 implies

infyeo Amin (Ho(w) (Hy(uw)) 1) > a,
= infyueq Amin(G~ Hp(u)G™1) > a,
s VueQVoeRn {0}, L MU v 5
—  YuecQVwecR"\ {0}, w (Hp(u)w > aw'GGw =w" (aHy(u))w,
= Vu € Q,Ho(u) = aHy(u),
= Vu € Q,H(¢p — ay))(u) =0,

where in the third and fifth lines we used the definition of minimum eigenvalue and performed
the change of variable w = G~ 'v, respectively. To conclude the proof of (17), note that the
positive semi-definiteness of H(¢ — at)) is equivalent to the convexity of ¢ — atp (Hiriart-Urruty
and Lemaréchal, 2001, Thm B.4.3.1).

Finally, note that the equivalences established above still hold if we replace a, “>”, and “>~
by 1, “>”, and “>", respectively. The strict convexity of ¢ — 1 would then follow from the positive
definiteness of H(¢ — 1) (ibid.). [

The next crucial lemma is a slight modification of a result due to Chernov et al. (2010).

Lemma 24 Let f: riA,, X [n] — R be a continuous function in the first argument and such that
V(q,z) € riA, x [n],—o0 < f(q, ). Suppose that Vp € ri Ay, Epop[f(p, x)] <0, then

Ve > 0,3p. € riA,,Vz € [n], f(pe,x) <.

Proof Pick any § > 0 such that 6(n — 1) < 1, and ¢g < 0 such that V(g,z) € riA, X [n],¢p <
f(g,z). We define A® := {p € A, : Vo € [n],p, > ¢} and g(q,p) = Erq[f(p,)]. For
a fixed q, p — g¢(g, p) is continuous, since f is continuous in the first argument. For a fixed p,
q — ¢g(q,p) is linear, and thus concave. Since Afl is convex and compact, g satisfies Ky Fan’s
minimax Theorem (Agarwal et al., 2001, Thm. 11.4), and therefore, there exists p‘s € Ag such that

Vg € A, Euovqlf(p’,2)] = g(q,p°) < sup g(p,p) = sup Epoplf(p,x)] <0.  (18)
BEA), BHEAY,

For ¢ € [n], let ¢ € A? be such that §,, = 1 —(n—1) and §, = & for x # x (this is a legitimate
distribution since 6(n — 1) < 1 by construction). Substituting g for g in (18) gives

(1=d(n=1))f(0°,0) + 8 Xy sy [(P°, ) <0,
— (1—6(n—1)f(P° x0) < —cod(n—1),
— f®°,20) < [—cod(n —1)]/[1 = d(n—1)].

Choosing 6* := €/[(—co + €)(n — 1)], and p. := p°" gives the desired result.
|

Lemma 25 Let f,g: I — R™, where I C R is an open interval containing 0. Suppose g(t) [resp.
f1is continuous [resp. differentiable] at 0. Then t — (f(t), g(t)) is differentiable at 0 if and only
ift — (f(0),g(t)) is differentiable at 0, and we have

GUOLa0)| = (s

a0)) + 5 0).500)

16



GENERALIZED MIXABILITY

Proof We have

(f(1),9(t)) = (f(0),9(0)) _ (f(¥),9(t)) = (£(0),9(1))  {f(0),9(t)) = (f(0),9(0))
t t t

But since g [resp. f] is continuous [resp differentiable] at O, the first term on the right hand
side of the above equation converges to ( dtf ‘t 0 ,g (0)) as t — 0. Therefore, %((f(()),g(t)) —
(£(0),(0))) admits a limit when ¢ — 0 if and only if 1({f(t), g(t)) — (f(0), 9(0))) admits a limit
when ¢ — 0. This shows that ¢ — (f(0), g(¢)) is differentiable at 0 if an only if t — (f(¢), g(t)) is
differentiable at 0, and in this case the above equation yields

2 i0gtey| = i L2001 =090
t=0
im (1= 10O) (£(0), (1)) — (£(0), 9(0))
I ]
= %f(t) » ,g(o)> + %(f(O),g(t)} .

Note that the differentiability of ¢ — (f(0), g(¢)) at 0 does not necessarily imply the differen-
tiability of g at 0. Take for example n = 3, f(t) = 1/3 fort €] — 1,1], and

—te; +ti, ifte]—1,0[;
9(t) = { —tll—i— t63 if | |
3 9, 1t €E [0,1[

Then the function ¢ — (f(0), g(¢)) = 0 is differentiable at 0 but g is not. The preceding Lemma
will be particularly useful in settings where it is desired to compute the derivative % (£(0),9(t))|t=0
without any explicit assumptions on the differentiability of g(¢) at 0. For example, this will come
up when computing % (p, DI(&1)v)|4=o, where v € R" ! and t — & is smooth curve on int A,,,
with the only assumption that Ly is twice differentiable at &° € int A,,.

Lemma 26 Let (: A, — [0, +00]™ be a proper loss. For any p € ri A,,, it holds that

(%)

{ is continuous at p <=

L ol-Ly)(p) = {VL,(p)} = {t(p)}.

L, is differentiable at p

Proof [ & ] This equivalence has been shown before by Williamson et al. (2016).

[ FUIN 1 Since Ly(p) = —oge(—p), for all p € ri Ay, it follows that L, is differentiable at
p if and only if d[—L,](p) = 823@( p) = {— VUS@( p)} = {VL,(p)} (Hiriart-Urruty and
Lemaréchal, 2001, Cor. D.2.1.4). It remams o show that VL,(r) = ¢(r) when L, is differentiable
atr € riA,. Let o, = r + te, and &, = II,, (), where (e;),c[,) is the standard basis of R".

For x € [n], the functions f,(t) = o, and g,(t) := ((&!) satisfy the conditions of Lemma 25.
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Therefore, h,(t) == (f.(0), g=(t)) = (r,(&L)) is differentiable at 0 and

= 211,00

dt o =0
(ex 0(7)) + D ()
= (eg, (T —
T dt T t:O,
= 0,(7),
where the last equality holds because h, attains a minimum at 0 due to the properness of £. The
result being true for all € [n] implies that VL(7) = ¢(7) = £(r). [

The next Lemma is a restatement of earlier results due to van Erven et al. (2012). Our proof
is more concise due to our definition of the Bayes risk in terms of the support function of the
superprediction set.

Lemma 27 (van Erven et al. (2012)) Let ¢: A,, — [0,400|™ be a proper loss whose Bayes risk
is twice differentiable on |0, +oc[" and let X, = I, — 1zp'. The following holds

(i) Vp € 1i A, (p, DI(p)) = 0.
(ii) vp € int A, DI(p) = | “% |HL,(p).
(iii) VP € int Ay, HLyoy (P) = —(Xp) ' (diag (p)) .

Proof [We show (i) and (ii)] Let p € riA, and f(q) = (p,(q)) = (p,VL,(q)), where the
equality is due to Lemma 26. Since L, is twice differentiable |0, +o0o[", f is differentiable on int A,,
and we have Df(q) = (p, D{(p)). Since ¢ is proper, f reaches a minimum at p € int A,,, and thus
(p, DI(p)) = 0] (this shows (i)). On the other hand, we have V L( ~) JIVL,(p)=J(p).B
differentiating and using the chain the rule, we get HL,(p) = [D{(p 5)| T J,,. This means that Vi € [ ]

[HL((P)]-i = VEi(P) — Vin(p). and thus 37 pi[HLy(B)]. = Yo7y piVEi(D) — (1= pn) V(D).
On the other hand, it follows from point (i) of the lemma that 7", p;V4;(p) = 05. Therefore,

[HL,(p)]p = — VI, (p) and, as a result, Vi € [7], [HL,(p)]. [HLz( p)]p = V/;(p). The last two
equations can be combined as D/(p) = [ﬂﬁ}HQ( D).

[We show (iii)] It follows from (44), since Vi € [7], V[fiog): (P) = I%ei, for p € int A,,.
|

In the next lemma we state a new result for proper losses which will be crucial to prove a
necessary condition for ®-mixability (Theorem 16) — one of the main result of the paper.

Lemma 28 Ler (: A, — [0,+00]™ be a proper loss whose Bayes risk is twice differentiable on
10, +00[™. Forv € R" ' and p € int A,,,

(p, (DIB)v) © (DI(B)v) ) = ~vTHL(B)[HLig(B)] " HL,(B)o, (19)

where p = 11,,(p) and L, is the Bayes risk of the log loss.
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Furthermore, if t — &t is a smooth curve in int An and satisfies ab = p and %dt‘ o = U
then t — (p, D{(&!)v) is differentiable at 0 and we have

= —v"HL,(p)v. (20)

% <p, Dg(dt)v> »

Proof We know from Lemma 27 that for p € int A,,, we have D/(p) = [ji%} HL,(p), where

Xp =11 — ln,lﬁT. Thus, we can write
(p.Di(p)v © Di(p)v) = v" (DI(p))" diag (p) DI(P)v.
= 1 X =
— ML), —pldine )| 5| WL, 1)

Observe that [X;, —p|diag (p) = [[n—1 — p1} |, —p]diag(p) = [diag (p) — PP', —Ppnl-
Therefore,

. X o - [Ler = 1,0pT
[X;, —p] dlag (p) |:1;)T:| = [dlag (p) _ppT7 _ppn] |: et _ﬁ—? P :| )

= diag (p) — PP’ — PP’ +PP' (1~ pn) +PuPP’
= diag (p) — PP’
= dlag (ﬁ) XPJ
= —(HLig(P)) (22)

where the last equality is due to Lemma 27. The desired result follows by combining (21) and (22).

[We show (20)] Let p € int A,,, we define &' = p + tv, ol = I,,(&') = p + tJ,v, and

r(t) = a'/ |||, where t € {s : p+ sv € int A,}. Since t — r(t) is differentiable at 0 and
t — DI(&t)v is continuous at 0, it follows from Lemma 23 that

t=0 - <§tr(t)
, Dé<ﬁ>v> ,

4
dt

- % <1"(t), Dé(dt)v>

__ <jtr(t)

where the second equality holds since, according to Lemma 27, we have (a!, D{(&!)v) = 0. Since

1O =/ Il )] = ™ (1 = OO ). ana 1, = | ! | we g

n—1

<7‘(O), Dg(dt)'v>

Dilp)).

t=0

t=0

5] % (r(0), Dia' o)

= —{(1. = ()1 (0)]T) Jyw, Di(B)v )

(
_ <Jnv, Dé(ﬁ)v> : (23)
< H

t=0
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where the passage to (23) is due to 7(0) = p/ ||p|| L D4(p). In the last equality we used the fact
X Iy1—1,_1p
that J,7 [_;T} = [In-1, —1,-1] [ " 1_15T” 1p} =1, 1. [

Lemma 29 Forn >0, S, := 0~ S satisfies (8), where S is the Shannon entropy.

Proof Let (4,q) € (thd A7) x (riAz) and ¢* := G+ \(q — §), for A €]0, 1. Let 7 == {j € T :
g; #0}and H =7\ J. We have

A AN s -1 A A ~ ~
S(¢;q — ) = lim A [E per B108G0 =D v logqa/} ;
1 -1 A A ~ o A A
= lim A [E pes (90 10845 — Golog o) + > e 90 logqef]- (24)

Observe that the limit of either summation term inside the bracket in (24) is equal to zero. Thus,
using I’Hopital’s rule we get

7: —q) =1 — A e / /\, /
S(¢:q - ¢) =lim [Zeej[(qe Go)log a5 + (a6 — do)] +ZG,GH[% log gy + qo ]] ;

_ 4 » e A
=D e 00— do)logdo + ), . ao [ligglogqe} : (25)

where in (25) we used the fact that Y 5. /(g9 — Go) + D grcpy o0 = 0. Since for all 6 € H,
limy o qg‘, = 0, the right hand side of (25) is equal to —oco. Therefore S satisfies (8). Since S, =
n~1S, itis clear that Sy, also satisfies (8).

|

Lemma 30 Let ®: RF — R U {+oc} be an entropy. If ® satisfies (8), then d®(g) = 0,Yq €
bd Ay, and Vd € R¥ Vg € ri Az, Mg(d, q) = Mgz (115d, 115 q).

Proof Let pu € rbd Ay. Since ® satisfies (8), it follows that Vq € ri Ay, (p;q—p) =9 (u;q—
p) = —oo. Therefore, 09'(f1) = () (Rockafellar, 1997, Thm. 23.4).
Letd € R",Z C [k], with |Z| > 1, and q € ri Az. Then

M@Z(Hgd, Héq) = ﬂ_é%f‘ ‘ <7‘l’, H§d> + D<I>I(7ra H§q>a
T

— inf (u,d)+ D
,fenazm’ )+ Da(p,q),

< inf (u,d)+ Da(p,q), (26)
BEAL

= M@(d, q).

To complete the proof, we need to show that (26) holds with equality. For this, it suffice to prove
that V. € Ap \ Az, Do(p,q) = +oo. Let p € Ay \Azand J = {0 € [k] : pugp # 0} UT.
In this case, we have ¢ € thd A7 and q + 271 (p — q) € 1i A7. Thus, since ® satisfies (8) and
®’(q;-) is 1-homogeneous (Hiriart-Urruty and Lemaréchal, 2001, Prop. D.1.1.2), it follows that
2710 (q;u — q) = ®'(q; 27 (1 — q)) = —o0. Hence Dy (p, q) = +0o0. [
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Lemma 31 For q € Ay, there exists a sequence (d,,) in [0, +oo[F converging to d € [0, +oo]*
such that for any entropy ®: R¥ — R U {+00}, we have Mg(d,n,q) "= Ma(d, q).

Proof Let ®: R¥ — R U {+00} be an entropy and let d € [0, +00]™. Note that if 7 := {# € [k] :
dg < +oo} = (), then by definition of Mg, it trivially holds that Mg (dpn, q) "= Mg(d, q) =
+00, for any sequence (d,,) such that d,,, "= d. Similarly, if Z := {0 € [k ] s dy # 0} =0,
then the zero sequence gives the desired result. Assume now that 7, Z # () and define the function
fu:RF 5 RU{+0c} by

ful(2) 2 /7 + Dap.q), if z €0, ool
z) = c
K +00, otherwise.

Since Y € Ay, fu is upper-semicontinuous and concave, f, is a closed concave function. It
follows that f := inf,ca, fy is also closed and concave (Hiriart-Urruty and Lemaréchal, 2001,
Prop. B.2.1.2). Let b € [0,4oo[F be such that by = %, if # € 7 (with the convention that
1/00 = 0); and by = 0 otherwise. Note that f(b) = Mg(d, q). Let z € R* be such that zy = by, if
0 € J; and zg = 1 otherwise. Note that z € int dom f. Thus, since f is closed and concave, we
have f(b) = limy}o f(b + A(z — b)) (ibid., Prop. B.1.2.5). Choosing d,, € [0, +oo[" such that
[dm)o = dp +1/m(z; ' — dy), if 0 € T; and 0 otherwise, gives the desired sequence. [

Appendix C. Proofs of Results in the Main Body
C.1. Proof of Proposition 1

Proof Givenv € R*~1, we first derive the expression of the Fenchel dual S (v) :== sup GeA, (q,v)—
S(q). Setting the gradient of ¢ — (g, v) — S(q) to 0; gives v = VS(q). For g €0, +oo[*, we
have V S(q) = log q + 1, and from §2.1 we know that VS(g) = J; V S(q). Therefore,

v=V5(G) = v=JVS(q) = v=log L,

dk
where the right most equality is equivalent to /g, = exp(v). Since (q,1;) = 1 — g, we get
ar = ({exp(v),1;) + 1)~!. Therefore, the supremum in the definition of S"(v) is attained at

g. = exp(v)({exp(v), 1;) +1) 1. Hence S” (v) = (g, v) — (G, log G.) = log({exp(v), 1) +1).
Finally, using (2) we get S*(z) = log(exp(2), 1), for z € RF, [ |

C.2. Proof of Theorem 3

Proof We will construct a proper support loss £ of £.
Let p € riA, (—p € intdom 0’5@) Since the support function of a non-empty set is closed
and convex, we have o* S@ = 059 (lelart Urruty and Lemaréchal, 2001, Prop. C.2.1.2). Pick

any v € 80559(—19) = 80** (—p) # 0. Since o*g = = Lgo (Rockafellar, 1997), we can apply
4 Z C

Sl
Proposition 20-(iv) with f replaced by o7, to obtain (—p, v) = 059 (—p) +¢ s® (v). The fact that
L
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(—p,v) and JS?(—p) are both finite implies that Ls® (v) = 0. Therefore, v € S and (p,v) =
—USE;(—p) = Ly(p). Define {(p) ==v € S}°.
Now let p € rbd A, and g := 1,/n. Since the L, is a closed concave function and q €

m—00

int dom L, it follows that L,(p+m~*(q—p)) "—  L,(p) (Hiriart-Urruty and Lemaréchal, 2001,
Prop. B.1.2.5). Note that g, == p+m~!(g—p) € 1i A, ¥m € N. Now let v, := £, (qm ), Where
£(gy,) is as constructed in the previous paragraph. If (v; ,,,) is bounded [resp. unbounded], we can
extract a subsequence (vq,,(,,)) Which converges [resp. diverges to +oo], where 1 : N — N
is an increasing function. By repeating this process for (vy ,, (m)) and so on, we can construct

an increasing function ¢ = ¢, o --- 0 ¢ : N = N, such that v,, = [”ww(m)]le[n} has a well
defined (coordinate-wise) limit in [0, +00]™. Define £(p) = lim,,,oc v;n. By continuity of the

inner product, we have

<p7£(p)> = lim <Q¢(m)7'vm> = lim <q<p(m)a£(q<p(m))>7

m—0o0 m—00

= lim Ly(gy(m)) = Le(p)-
By construction, Ym € N, py, = qum) € 1iA, and £(py) = vm Mo {(p). Therefore, £ is
support loss of £.

It remains to show that it is proper; that is Vp € A,,Vq € A,, (p,4(p)) < (p,L(q)). Let
q € 1iA\,,. We just showed that Vp € A, (p,{(p)) = L,(p) and that {(g) € S;. Using the fact
that L,(p) = infzeS? (p, z), we obtain (p, £(p)) < (p,£(q)).

Now let g € rbd A. Since £ is a support loss, we know that there exists a sequence (g,,) C
ri A, such that £(g,,) "= £(q). But as we established in the previous paragraph, (p, £(p)) <
(p,£(gm)). By passing to the limit m — oo, we obtain (p, £(p)) < (p,£(q)). Therefore £ is a
proper loss with Bayes risk L,. |

C.3. Proof of Theorem 4

For a set C, we denote co C and ¢oC its convex hull and closed convex hull, respectively.

Definition 32 ((Hiriart-Urruty and Lemaréchal, 2001)) Let C be non-empty convex set in R".
We say that u € C is an extreme point of C if there are no two different points uy and wg in C and
A €]0, 1] such that u = Aug + (1 — N)ua.

We denote the set of extreme points of a set C by ext C.
Lemma 33 Let (: A — [0, +0c]" be a closed loss. Then ext oS, C S;.

Proof Since coS;” C R™ is connected, coS;” = {v + > j_; awl(ar): (ayep, o, v) € A" X
A, % [0,400["} (Hiriart-Urruty and Lemaréchal, 2001, Prop. A.1.3.7).

We claim that €6S;” = coS,”. Let (2p) = (vm + > p_; @mil(@m)) be a convergent se-
quence in [0, +-co[", where (a), ([@m k|refn)) and (vy,) are sequences in A, A", and [0, +o00[",
respectively. Since A,, is compact, we may assume, by extraction a subsequence if necessary, that

an "3 ar € A, Let K = {k € [n] : a} # 0}. Since z,, converges, ([{(@m r)|reic; Vm)])
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is a bounded sequence in [0, +oo[*F1+7. Since £ is closed, we may assume, by extraction a subse-
quence if necessary, that Vk € K, L(am i) "= £(a}) and v,, "= v*, where [af]rexc € AKX
and v* € [0, +-o00[". Consequently,

n
vt L ; ajl(aj) = lim |vg, + ];Cam,ké(am,k) ,

< lim z,,

m—r0o0

where the last inequality is coordinate-wise. Therefore, there exists v’ € [0, +o0[™ such that
limy, o0 2m = v +0* 4+ > 1 ajl(a}) € co Sge. This shows that @Séﬁ C coSY, and thus
@Sg@ = co S? which proves our first claim.

By definition of an extreme point, ext @SE‘B - ESEG . Lete € ext @St@ and (ayepn), @, v) €
A" x A, x [0, 4+00[" such thate = >}, apl(ay)+wv. If there exists ¢, j € [n] such that oo # 0
or o;v; # 0 then e would violate the definition of an extreme point. Therefore, the only possible
extreme points are of the form {/(a) : a € dom/{)} = S;. [ |

Proof [Theorem 4] Suppose L, is not differentiable at p € riA,,. Then from the definition of
the Bayes risk, 50 is not differentiable at —p. This implies that F(p) = 805?; (—p) has more
than one element (Hiriart-Urruty and Lemaréchal, 2001, Cor. D.2.1.4). Since 050 = Ogs® (ibid..

Prop. C.2.2.1), F(p) = 80@359 (—p) is a subset of c0S,” and every extreme point of F(p) is also

an extreme point of ¢6S,” (ibid., Prop. A.2.3.7). Thus, from Lemma 33, we have ext F(p) C S;.
On the other hand, since —p € int dom 05 F(p) is a compact, convex set (Rockafellar, 1997,
Thm. 23.4), and thus F(p) = co(ext F(p)) (Hiriart-Urruty and Lemaréchal, 2001, Thm. A.2.3.4).
Hence, the fact that F(p) has more than one element implies that there exists ag,a; € A such
that £(ap),4(a1) € ext F(p) € F(p) and ¢(ag) # ¢(a1). Since F(p) = 808?(—1)), Proposition
20-(iv) and the fact that U";?a = ls® imply that L,(p) = (p,£(p)) = (p,(ap)) = (p,l(a1)).

Let p € ri A,, and suppose that L, is differentiable at p. In this case, 05 is differentiable at
—p, which implies that F(p) = 80559(—1)) is the singleton {VO'SEB (—p)} (ibid., Cor. D.2.1.4). In
this case, {(p) = VUSE; (—p) is the only extreme point of F(p) C ¢o0S,”. From Lemma 33, there
exists a, € A such that ¢(a) = £(p). In this paragraph, we showed the following

Vp € riA,, Ja, € dom/, l(a.) = {(p). (27)

For the rest of this proof we will assume that L, is differentiable on |0, +-00[". Let p € rbd A,,N
dom /. Since £ is a support loss, there exists (p;,) in ri A,, such that (¢(pm,))m converges to £(p).
From (27) it holds that Vp,, € ri A, 3an, € A, l(an) = £(pm). Since (£(a,))n converges and ¢
is closed, there exists a. € A such that /(a,) = lim;,,_ {(a,) = £(p).

Now let @ € dom/ and f(p,z) = {,(p) — {z(a). Since {(a) € S and { is proper, we
have for all p € 11 A,,E;p[f(p,2)] < 0and —co < f(p,z),Vz € [n]. Therefore, Lemma
24 implies that for all m € N\ {0} there exists p,, € riA,, such that Vo € [n],l,(pp) <
l;(a) + 1/m. On one hand, since (£(p,,)) is bounded (from the previous inequality), we may
assume by extracting a subsequence if necessary, that (¢(p,)). converges. On the other hand,
since p,, € riA,, (27) implies that there exists a,, € dom ¢ such that {(p,,) = ¢(a,,). Since
¢ is closed and (¢(@,))m converges, there exists a, € A, such that {(a,) = lim, o0 {(@r) =

23



GENERALIZED MIXABILITY

limy, 00 £(pm) < ¢(a). But since ¢ is admissible, the latter component-wise inequality implies
that (a.) = ¢(a) = lim;,—00 £(P). [

C.4. Proof of Theorem 5

Proof [S;” C Npea, H-p—L,m@]: Letv € S, u € [0,+00[", and g € A, such that v =
¢(q)+wu. Since ¢ is proper then Vp € A,,, L,(p) = (p,{(p)) < (p,¥(q)) < (p,¢(q)+u) = (p,v).
Therefore, v € (,en, H-p—L,(p)-

[(Npea, H-p—L,m) S S Letw € MNpea, Hop—L,(p)- Let @ = [n], A(Q) = A,, and

Q(p,x) = gm(p) — v, for all (p,a:) € A, X [n] Since v € mpeA H—p, L,(p)> mpr(pa ) -
(p,L(p)) — (p,v) < Oforall p € A,. Lemma 21, implies that there exists p, € A,, such that
Q(p+, ) = Ly(ps) — vy <0, forall z € [n]. This shows that v € S;°. [ |

C.5. Proof of Theorem 7

Proof Let 1) := n,. We will show that exp(—nSEe) is convex, which will imply that ¢ is 7-mixable
(Chernov et al., 2010).

Since 1 = inf; (A, ()\max([HLlog( p)] " 'HL,(p)))~" > 0, nL, — L, is convex on 1i A,
(van Erven et al., 2012 Thm. 10). Let p € ri A,, and define

A(r) = Llog(r) + (r,nt(p) — Elog(p»v r ETiA,.

Since A is equal to Ly,, plus an affine function, it follows that nL, — A is also convex on ri A,,. On
one hand, since £ and /), are proper losses, we have (p, £(p)) = L,(p) and (p, £,,,(P)) = Ljog(P)
which implies that

nLy(p) — A(p) = 0. (28)

On the other hand, since L, and L, are differentiable we have {(p) = VL,(p) and VL,,,(p) =
bog(p), which yields nVL,(p) — VA(p) = 0,. This implies that nL, — A attains a minimum
at p (Hiriart-Urruty and Lemaréchal, 2001, Thm. D.2.2.1). Combining this fact and (28) gives
nL,(r) > A(r),Vr € ri A,,. By Proposition 20-(iii), —nL, < —A implies

[=nL," = [-A]" (29)

Using Proposition 20-(ii), we get [=A*](s) = [~Ljoe]" (8 — fog(P) + né(p)) for s € R™. Since
—nL,(u) = —Ly(nu) = USZGB(—UU) and a*@ = ls®s Proposition 20-(v) implies [—nL,]*(s) =
LSEB(—S/’I?). Similarly, we have [—L,,]*(s) = LSffg(_s)' Therefore, (29) implies

Vs € R, 1se(—8/n) 2 use (=8 + Log(P) — nl(p))-

This inequality implies that if s € —nS’, then s € Slog + liog(P) — n¢(p). In particular, if

D
u € ¢ "¢ then

w € e Siog Thog(P)—1L(P) CHopa={veER": (1,pO entP)y < 11, (30)
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To see the set inclusion in (30), consider s € —Sffg + Liog(P) — né(p), then by definition of the

superprediction set Slesg there exists r € A, and v € [0,+o0[", such that s = logr — logp —
nf(p) — v. Thus,

(e*,p@e™P) = (r ) <1, 31)

where the inequality is true because r € A, and v € [0,+oo[". The above argument shows
that e~ "5/ C Hr(p),1- Furthermore, e NSy C Hr(p),1 N[0, +oc[", since all elements of e NS
have non-negative components. The latter set inclusion still holds for p € rbd A,,. In fact, from
the definition of a support loss, there exists a sequence (p,,) in ri A, converging to p such that
Lpm) "= £(p). Equation 31 implies that for u € eS¢ (w, pr, @ "Pm)) < 1. Since the inner
product is continuous, by passage to the limit, we obtain (u,p © e"g(f’)> < 1. Therefore,

e C () Moy N0, +oo[™ (32)
PEA,

Now suppose u € [, n, Hr(p),1 N [0, +00["; thatis, forall p € Ay,

1> <u,p® enﬁ(P)> _ <p,u o enE(P)> _ <p, enE(P)+logu>’

> e(Pnl(p))+(plogu) (33)

where the first equality is obtained merely by expanding the expression of the inner product, and
the second inequality is simply Jensen’s Inequality. Since u — e is strictly convex, the Jensen’s
inequality in (33) is strict unless 3(c, p) € R x A,,, such that

nl(p) +logu = cl,,. (34)

By substituting (34) into (33), we get 1 > exp(c), and thus ¢ < 0. Furthermore, (24) implies that
p € dom/, and thus there exists @ € dom ¥ such that /(a) = £(p) (Theorem 4). Using this and
rearranging (34), we get u = exp(—nf(a) + c1). Since ¢ < 0, this means that u € exp(—nS,”).
Suppose now that (34) does not hold. In this case, (33) must be a strict inequality for all p € A,,.
By applying the log in (33),

Vp € Ap, Ly(p) + (p,logu) = (p,nl(p)) + (p,logu) < 0. (35)

Since p — L,(p) = —0g® (—p) is a closed concave function, the map g: p — L,(p) + (p, log u)
is also closed and concave, and thus upper semi-continuous. Since A,, is compact, the function g
must attain its maximum in A, (Holder, 2005, Thm. 1.13). Due to (35) this minimum is negative;
there exists ¢; > 0 such that (p, n4(p)) — (p, —logu) < —cy. Let f(p,z) = £,(p) +logugz + c1,
for x € [n]. Consequently for all p € A,, E;pf(p,z) < 0and Vz € [n],—oc0 < f(p,z).
Thus, Lemma 25 applied to f with € = ¢;/2, implies that there exists p. € riA,, such that
nl(p«) < —logu — ¢1/2 < —log u. From this inequality, p, € dom ¢, and therefore, there exists
a, € dom/ such that ¢(a.) = £(p«) (Theorem 4). This shows that n¢(a.) < —logwu, which
implies that u € exp —nS;’. Therefore, Npea, Hrp),1 N[0, +oo["C e 1Sy Combining this with
(32) shows that e S = ﬂpe A, Hep)a N[0, +oo[". Since eS¢ is the intersection of convex
set, it is a convex set itself. Therefore £ is n-mixable. |
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C.6. Proof of Proposition 11
Given an entropy ®: R*¥ — R U {+00} and aloss £: A — [0, +00], we define

Amg(z, 4, a,q, p) = (1, £:(A)) + Da(p, 4) — la(a),

where = € [n], A € A*, a € A, and q,§ € Ay. Reid et al. (2015) showed that ¢ is ® mixable if
and only if AMg = inf gc 4¢ gea, SUPq, e I0fpen, zem) AMa (2, 4, a, g, pu) > 0.

Proof [Proposition 11]
[We show that / is ®-mixable] Let Z C [k], with |Z| > 1, A € AP, and g € A7. Since ¢ is
®-mixable, the following holds

Ela* 6 Anuvx e [n]7 ea?(a*) S AinAf <(j7€1‘(A)> +D<I>(qA7q>7 (36)
[« [SYAV
< inf (q,4.:(A)) + Ds(q,q), 37
qeAr
= inf <HIQ7HI£ >+D<I>I (%4, Iz q),
qeAr
= inf T D II 38
ﬂé%z|< (AT )> + Dz (1, 15q), (38)

where in (36) we used the fact that ®Z(TIXq) = ®(q),Vq € Az. Given that A — A[II%]T [resp.
q+— H%q] is onto from A* to A%l [resp. from Az to A7], (38) implies that £ is ®L-mixable.

[We show (8)] Suppose that there exists § € rbd Ay and q € ri Ay, such that |9'(g;q9 — ¢)| <
+oo. Let f: [0,e] — R be defined by f(A) = ®(g + \M(g@ — q)), where ¢ > 0 is such that
q+e(g—q) € ri Ay. The function f is closed and convex on dom f = [0, €] and lim} | M =
1(0;1) = ®'(¢; q — ¢) which is finite by assumption. Using this and the fact that A\f/(0;1) =
f(0; X), we have limy ;o AL(f(A) — f(0) — f/(0;A)) = 0. Substituting f by its expression in
terms of ® in the latter equality gives

lim A~ "Dy (¢ + Mg —4),4) = 0. (39)
Let n > 0 and 0* € [k] be such that g = 0. Suppose that ¢ is a non-trivial ®-mixable loss.

Let x1, x9, a1, and ag be as in the definition of non-trivial (see (3)). In particular, it holds that
lyo(ag) < Ly, (ar). Fix A € A*, such that A. g« = ag and A.y = a; for 0 € [k] \ {6*}. Let

a, =argmax inf Amg(z, A4, a,q,p),
acA, MEALTEN]

with ¢ € rbd Ay as in (39). Note that a, exists since £ is closed.
If a, is such that ¢, (a,) > {5, (a1), then taking po = g puts all weights on experts predicting
a1, while D (p, q) = 0. Therefore,

AM(I’ < inf Am@($7A7a*7qA7H') < Am@(l'bAaa’(ja Q) <0.
HEAL,TEN]
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This contradicts the ®-mixability of ¢. Therefore, (., (a.) = ¥z (a1), which by (3) implies
lro(@s) > lyy(ar). For @* = G+ \(q — §), with g € ri Ay, as in (36) and ) € [0, €],

AM(I?‘ < inf Am@(xaAv a*a‘j) H)7
[JIGA]C,JTG[TL]
S Am@(x()a A7 a, (jv q)\)a

= (@* Ly (A)) + Da(a", 4) — luy (@),

= (1= Agg+)lay (1) + Ao+ Luy (@0) + Da(q*,4) — lay (@),
< (1= M=)y (@) + Ao Lag (@0) + Do (@, §) — Lug (@),
= Ao (lag(a0) = lug(@x)) + Da(q + Mg — 4), 4)-

Since gg- > 0 (g € riAg) and £, (ap) < lg,(a1) < £y, (as), (36) implies that there exists
A« > 0 small enough such that \,qg ({z,(a0) — £zy(ax)) + Da(q + Ai(g — ¢),q) < 0. But this
implies that AMg < 0 which contradicts the ®-mixability of ¢. Therefore, ®'(G;q — q) is either
equal to 400 or —oo. The former case is not possible. In fact, since ® is convex, it must have
non-decreasing slopes; In particular, it holds that ®'(q; ¢ — ) < ®(q — ¢) — ®(q). Since P is finite
on Ay (by definition of an entropy), we have ®'(q; ¢ — q) < +oo. Therefore, we have just shown
that

Vg € thd Ag,Vq € ri Ay, ®'(G;q — G) = —cc. (40)

Now suppose that (q,q) € (rbd Az) x (riAz) for Z C [k], with |Z| > 1. Note that in this
case, we have (®2)'(IT%q; 11X (g — 4)) = ®'(¢; g — G). We showed in the first step of this proof
that under the assumptions of the proposition, £ must be ®Z-mixable. Therefore, repeating the steps
above that lead to (40) for @, g, and g substituted by ®7, IT5q € rbd A7/, and 115 q € ri A7), we
obtain ®'(¢; g — q) = (1) (11%¢; 1% (q — §)) = —oc. This shows (8). |

C.7. Proof of Proposition 12

Let “sgn” denote the sign function.
Proof [Proposition 12] Let Z = {1,2}. Since ¢ is ®-mixable, it must be ®Z-mixable, where
T == ®T o [TI4]T : R? — R U {+oc} (Proposition 11). Let ¥ := &Z.

Forw €0, +0o[and z € int dom U* = R (see §2.2), we define (U*)’_ (w) = limy_, , oo [* (2+
tw) — ¥*(2)]/t. The value of (U*)’_(w) does not depend on the choice of z, and it holds that
(T*) o (w) = 04, 5 (w) and (T (—w) = O gom & (—w) (Hiriart-Urruty and Lemaréchal, 2001,
Prop. C.1.2.2). In our case, we have dom ¥ = [0,1] (by definition of W), which implies that
Ogomy(1) = Land oy 5(—1) = 0. Therefore, () (1) 4 (F*) (1) = 1. As a result ¥*
cannot be affine; that is, it cannot have a constant slope between any two points in R. For V§ > 0, let
gs: Rx {—=1,0,+1} — R be defined by g5(s,u) == [U*(s+(u+1)/2) — ¥*(s+5(u—1)/2)] /6.
Since ¥* is convex it must have non-decreasing slopes (ibid., p.13). Combining this with the fact
that U* is not affine implies that

383 € R).gls(sgv _1) < 95(837 +1) (41)
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The fact that U* has non-decreasing slopes also implies that
95(s5,+1) = [U* (s5 +8) — U*(s5)]/0 < Jim [0 (s5 + ) — U*(55)]/t = (L") (1) = 1.

Similarly, we have 0 = —(¥*)’_(—1) < gs(s%, —1). Let i € OW*(s%). Since ¥ is a closed convex
function the following equivalence holds ji € OW*(st) <= st € 9¥(j1) (ibid., Cor. D.1.4.4).
Thus, if i € {0,1} = bd Ay, then 0¥ (ji) # (), which is not possible since ¢ is ¥-mixable (Lemma
30).

[We show L, € C'(]0,+oco[")] We will now show that L, is continuously differentiable on
10, +o00[™. Since L, is 1-homogeneous, it suffice to check the differentiability on ri A,,. Suppose L,
is not differentiable at p € ri A,,. From Theorem 4, there exists ag, a; € A such that {(ap),l(a1) €
80859(_1’) and {(ag) # f(a1). Let A = [ag,a1] € R™2, § = min{|l;(ag) — lz(a1)] :
xz € [n],|[lz(ap) — €z(a1)] > 0}, and s; € R as in (41). We denote g~ = g5(s5,—1) and
g7 = gs(s%, +1) €]0,1]. Let i € OU*(st) € int Ag and p = TIa(ji) € ri Ag. From the fact that
¢ is W-mixable, JJ £, (A) = l;(ag) — Lz(a1), and (9), there must exist a, € A such that for all
x € [n],

la(as) < My (la(A), ) = Lalar) + T*(s5) —

T (s5 —
< Lle(a1) + g5(s5, —sgnlla(a

lx(ao) + lz(ar)),
0) = z(ar)])[lz(a0) — la(ar)],  (42)

where in (42) we used the fact that ¥* has non-decreasing slopes and the definition of 5. When
ly(ag) < ly(ay), (42) becomes £y (as) < (1 — g")ly(a1) + g7 ¢.(ap). Otherwise, we have
le(as) < (1 — g Me(ar) + g €e(ag) < (1 — g )lz(ar) + gte.(ap). Since £ is admissible,
there must exist at least one x € [n] such that /,(ag) > ¢z(a;). Combining this with the fact that
pr > 0,V € [n] (p € 1iA,,), implies that (p,¢(a.)) < (p, (1 — g")l(a1) + g™ l(ap)) = L,(p).
This contradicts the fact that /(a.) € SEB. Therefore, L, must be differentiable at p. As argued
earlier, this implies that L, must be differentiable on ]0, +00[". Combining this with the fact that
L, is concave on ]0, +oo[", implies that L, is continuously differentiable on |0, +-o0o[™ (ibid., Rmk.
D.6.2.6).

[We show &* ¢ C''(RF~1)] Suppose that ®* is not differentiable at some s* € R¥~!. Then
there exists d € RF~1\ {0;} such that (—®*)'(s*; —d) < (®*)'(s*;d). Since s* € int dom ®*,
(®*)/(s*,-) is finite and convex (Hiriart-Urruty and Lemaréchal, 2001, Prop. D.1.1.2), and thus it is
continuous on dom ®* = R¥~1 (ibid., Rmk. B.3.1.3). Consequently, there exists §* > 0 such that

A ~ N

Vd e R"7||d—d|| < 0" = —(®)(s*;—d) < (9*)'(s*;d) (43)

Let g: {—1,1} — R such that g(u) = SUD| 4 gj| <5+ u(®*)'(s*;ud). Note that since ®* has
increasing slopes (®* is convex), g(1) < sup”d_dHS(s*(i)*)go(d) = SUP|§_gj<s- dom@(ci) <
1, where the last inequality holds because A;, C B(0;,1), and thus o, m(I,(d) = 03, (d) <
o5(0,.1)(d) = 1. Let Ag := g(1) — g(—1). From (40), it is clear that Ag > 0.

Suppose that L, is twice differentiable on |0, +-co[" and let £ be a support loss of £. By definition
of a support loss, Vp € ri Ay, £(p) = L(p) = VL,(p) (where £ := £ o Il,). Thus, since L, is twice
differentiable on ]0, 400", { is differentiable on int A,,. Furthermore, £ is continuous on ri Ay,
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given that L, € C*(]0, +00o[™) as shown in the first part of this proof. Since £ is non-trivial, it is non-
constant. Therefore, from Theorem 4, £ is also non-constant. Consequently, the mean value theorem
applied to £ (see e.g. (Rudin, 1964, Thm. 5.10)) between any two points in ri A,, with distinct image
under £, implies that there exists (P, vs) € int A x R™1 such that DZ(ﬁ*)'v* # 0. For the rest
of the proof let (p,v) = (Ps,vs) and define 7 := {z € [n] : D/, (p)v # 0}. From Lemma 27,
we have (p, D/(p)) = 0}, which implies 3z € 7, DL,.(p)v < 0. Let p' := p + tv. From Taylor’s
Theorem (see e.g. (Hardy, 2008, §151)) applied to the function ¢ ﬁ( '), there exists €* > 0 and
functions &, : [—¢*, "] — R™, x € [n], such that lim;_,o ¢t ~15,(t) = 0 and

VIt < €, £,(p") = £,(p) + tDL,(p)v + 6.(2). (44)

By shrinking ¢* if necessary, we may also assume that

_ 5*|DL,(p)v|
Vo e J,V0 € [k],V|t] < €, t7 15, (tdy , (45)
(K], V¢ (tdg) < VAT
Vo & J,¥0 € [K],V[t| < €, 6.(t) < égmi?{px}. 46)
e

Note that mingec 7{p,} > 0, since p € ri A,,. Let A\g := t* ”d” for § € [k — 1]. From Theorem 4,
there exists [ajlge[) € AF, such that £(a;,) = £(p) and £(ag) = £(p*?) = £(p) + t* ”(ff” DI(p)v +
4] (t* ”(ff”> where [0(:)]z = 0x(-). Let A := [aplger)- From the fact that £ is ®-mixable, it follows
that there exists a, € A such that for all x € [n],

lr(a:) < Ma(bo(A), ) = La(ag) + *(s%) = D*(s™ — JTa(A)). 47

Note that forall = € [n], J £,(A) = [lz(ag)—Le(ar)]ye oefi)- Thus, Vo € J,V0 € k], [JT:(A)]g =
* — d * d,

|{57DL(B)v | dug. where dog = dp + b 8rd, (# i ). On the other hand, if 6 ¢ 7, then

[T (A))g = by (t* ”Cff”) From (45), we have ||d; — d|| < 0., Vz € J, and from the monoticity

of the slopes of P*

\mej,é*<s*>—<i>*<s*—J,;fzx<A>>s@*)'( L DL (B ]c@;),

< HZH[D&;(ﬁ)v]g(sgn[%(ﬁ)v]),

*

< 1qPLBla(1) ~ AgIDL (P < 0], @8

where [-] denotes the Iverson bracket. Equation 48 follows from the definition of Ag. Combining
(48) with (47) yields

(p.(a.)) < (p,l(ax)) + !ZH@’ DE(p)v)g(1) — Ag mm{PmHZPI’ @ (t*uﬁy)

| oy

A
< (p tap)) — 5 min{p; }. (49)
< (p,L(p)), (50)
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where in the first inequality we used the fact that 3z € 7, D/ . (P)v < 0. In (49) we used (45) and
the fact that (p, DZ(p)) = 0T (Lemma 27). Finally, (50) follows from the fact that minge 7 {p, } > 0
(p € riA,) and £(p) = ¢(ay;) (by definition of a;,). Equation 50 shows that £(a*) & S;’, which is
a contradiction. |

C.8. Proof of Proposition 13

Proof First note that g, is well defined; the infimum of p — (u,q) + Da(p, q) is attained for
q € ri Ay (see Remark 9).

Now since ® is convex and § = IIx(q) € int A, = int dom ®, we have 8513((1) # () (Rockafel-
lar, 1997, Thm. 23.4). This means that there exists sj, € d®(q) such that (89:0—q) = D'(q; G —
q) (Hiriart-Urruty and Lemaréchal, 2001, p.166). We will now show that sy — Jld € 09(q.),
which will imply that . € 99*(s}; — JTd) (ibid., Cor. D.1.4.4). Let g, = argmin,c, (i, d) +
Dg(p, q). Thus, forall p € Ay,

(. d) + () — (q) — ¥'(G; o — §) > (g, d) + B(G.) — D() — (85, G — 4),
— b(p) > B(g) — (o — G, SN d) + (85,4 — Gu) + (G o — G),
— é(ﬂ)z<i><«i*>—<ﬂ—«i*,J,Id>+<s;,q—q*> + (s, 11— G),
— (1) > D(Gu) + (i — Gu, 55 — T d),

where in the second line we used the fact that Vg € Ay, (q,d) = (q, J¥d) + dy, and in third
line we used the fact that Vs € 0®(q), (s,fr —q) < ®(g;fr — G) (ibid.). This shows that
Sy — Jld € 09(q.).
Substituting @’ (§; G, — §) by (84> @« — q) in the expression of Mg (d, q), we get
Ma(d, q) = di + (s, J{ d) + (q.) — (q) — (55, — ),

= di + (s5,d) — 2(q) — [(s5 — Ty d, @) — D(@.)),

=d + @*(sf]) — ®*(s Sq — Jrd),
where in the last line we used the fact that ® is a closed convex function, and thus Vq € Ak,

s € 0D(q) = ®*(s) = (s,q) — ®(q) (ibid., Cor. E.1.4.4).
|

C.9. Proof of Theorem 14

Proof Letq € Ay and A := [ay]i<p<i € AF. We claim that for 2 € [n]

—n~ " log (exp(—nly(A)), @) = Mg, (£(A), @) (51)

Let x € [n]. Since g € Ay, q is either a vertex of Ay, or there exists Z C [n], with |Z| > 1, such
that g € ri Az. Suppose the latter case holds. We showed (see (14)) that for A’ € (dom E)k,

—n ! log (exp(—ntly(A")), q) = MS%(Hﬁ,zm(A’), %q). (52)
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Since this result was obtained without any special assumptions on £ — we only assumed that
(-(A") € [0, +00[F — then (52) still holds if we replace £, (A’) by any d € [0, +-oc[F; that is,

vd € [0, +oo[", —n"log (exp(~nd, q) = Mgz (I17d, TT}q),
= Mg, (d,q), (33)

where (53) is implied by Lemma 30 since S,; satisfies (8) (see Lemma 29).
Fix z € [n] and let df: 0 (A) €0, —too]k From Lemma 31, there exists a sequence (d,;,) C

m—>00

[0, +-00[F converging to d such that Ms,(dm,q) = Mg, (d,q). Then, from (53)

—n~ " log (exp(—nlz(A)),q) = lim —n~"log <eXp(—ncim, q> :

= hm Ms'rz(dm?q)’
m—0o0
= MSn (d7 q) = MS,, (gx(A)v q) (54)

Now suppose that q is a vertex. Without loss of generality assume that ¢ = e; and let pu €
Ay \ {e1}. Then there exists Z, C [k], such that (e;, ) € (rbd Az,) x (ri Az,) and by Lemma
29, S'(e1; u — e1) = —oo. Therefore, Vg € Ay \ {e1}, Ds, (g, e1) = +oc, which implies

V€ [n], Mg, ((z(A),e1) = qienAfk<q,€x(A)) + Ds, (g, e1),

= (e1,4z(A)) + Ds, (e1,€1),
= (e1, (z(A)),
= lz(a1) = —n ' log (exp(—nl.(A)), e1) . (55)

Combining (55) and (54) proves the claim in (51). The desired equivalence follows trivially from
the definitions of n-mixability and S,-mixability.
|

C.10. Proof of Theorem 15

We need the following lemma to show Theorem 15.
Lemma 34 Let ® be as in Theorem 15. Then ny® — S is convex on Ay, only if ® satisfies (8).

Proof Let g € rbd Ag. Suppose that there exists ¢ € ri A, such that ®'(§; g — §) > —oo. Since
is convex, it must have non-decreasing slopes; in particular, it holds that ®'(g; g—q) < ®(q)—®(q).
Therefore, since @ is finite on Ay, (by definition of an entropy), we have ®'(§; g — q) < +oc. Since
by assumption 1,® — S is convex and finite on the simplex, we can use the same argument to show
that [,® — S'(¢;q9 — 4) = 7P’ (¢;q — G) — S'(¢;q — G) < +oo. This is a contradiction since
S'(g;q — q) = —oo (Lemma 29). Therefore, it must hold that ®'(¢; q — ¢) = —oo.

Suppose now that (g, q) € (rbd Az) x (ri Az) for Z C [k], with |Z| > 1. Let ® := & o [T15]T
and ST := So[T14]T. Since 7,® — S is convex on A and TI% is a linear function, 7,®Z — S7 is
convex on A\7|. Repeating the steps above for ® and S substituted by ®Z and ST, respectively, we
get that (®1)/ (1% g; IThg — 11%G) = —oo0. Since (®T)/ (115 g; IThqg —115G) = 9'(G; g — §) the proof
is completed. |
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Proof [Theorem 15] Assume 7,® — S is convex on Ag. For this to hold, it is necessary that
n¢ > 0 since — S is strictly concave. Let n := 7, and S, = n~!S. Then Sn = n~!'S and
® S, = (®—S,) ol is convex on Ay, since & — S, is convex on Ay, and 11}, is affine.

Letz € [n], A := [ag]oe)r), and ¢ € Ag. Suppose that ¢ € ri Ay and let sj, € O®(q) be as in
Proposition 13. Note that if /,,(ag) = +00, V0 € [k], then the ®-mixability condition (6) is trivially
satisfied. Suppose, without loss of generality, that £,(ay) < +oo. Let (d,,) C [0, +oo[* be such
that d,,, "= d == £,(A) € [0,+00]* and My (d,, q) "= My (d, q) for ¥ € {®,S,}. This
sequence is guaranteed to exist by Lemma 31.

Let T, : RF"1 — R U {+00} be defined by

Tq() = Sy(fr) + (i 55— VS,(@)) — D*(s5) +5,(VS,(@)),

and it’s Fenchel dual follows from Proposition 20 (i+ii):

Sy(v — 55+ VS,(@) + ®*(s5) — 51 (VS,(@)),

Ty(v)
After substituting v by sy — J,;rd in the expression of Tz and rearranging, we get

§1(V8,(@)) — S5(VS,(d) — T dn) = ¥ (53) ~ Tyls — T db). (56)

Since s € O®(q) and @ is a closed convex function, combining Proposition 20-(iv) and the fact

that ®** = & (Hiriart-Urruty and Lemaréchal, 2001, Cor. E.1.3.6) yields (g, Sq) — @*(sj‘]) = O(q).
Thus, after substituting fz by q in the expression of Tq, we get

®(g) = Tq(q)- (57)

On~ the cher hand, <~i> — Tq is convex on A’E , since~Tq is equal to Sn plus an affine function. Thus,
0[® — Tq](q) + 0T ¢(q) = 0P(q), since ¢ and Y4 are both convex (ibid., Thm. D.4.1.1). Since

T, is differentiable at g, we have 94 (§) = {VY4(§)} = {85} Furthermore, since s, € 2(q),
then 0z € 00(q) — 9T4(g) = (?[i) - T,](g). Hence, ® — Tﬂ attains a minimum at ¢ (ibid., Thm.
D.2.2.1). Due to this and (57), & > T4, which implies that ®* < T (Proposition 20-(iii)). Using
this in (56) gives for all m € N

$,(VS,(d)) — $,(VS,(d) — J{ dm)
== MSn(dmaq)

il:)*(s:;) — &3*(3; —Jid,),

<
S M@(dmaq)7

where the implication is obtained by adding [d,,|; on both sides of the first inequality and using
Proposition 13.

Suppose now that ¢ € ri Az, with |Z| > 1, and let &7 := & o [[14]T and ST := So[lT4]T.
Note that since 7, — S is convex on Ay and H§ is a linear function, n,®* — ST is convex on Az
Repeating the steps above for @, S, g, and A substituted by &%, SZ, H%q, and A[H%]T, respectively,
yields

Mgz (Ifd, Iq) < Mgz(Isdin, Eq),
= MSn(dm7Q) < M’i’(dm)q)7
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where the first implication follows from Lemma 30, since S,, and ® both satisfy (8) (see Lemmas
29 and 34), and (58) is obtained by passage to the limit m — oo. Since n = 1y > 0, £ is n-mixable,
which implies that £ is S, -mixable (Theorem 14). Therefore, there exists a. € A, such that

lz(a.) < Ms, (€z(A), q) < Ma(£2(4), q). (59)

To complete the proof (that is, to show that ¢ is ®-mixable), it remains to consider the case
where q is a vertex of Ay. Without loss of generality assume that ¢ = e; and let p € Ay \ {e1}.
Thus, there exists Z, C [k], with |Z,| > 1, such that (e;, ) € (rbd Az,) x (ri Az, ), and Lemma
34 implies that ®'(e1; u — e1) = —oo. Therefore, Vg € A \ {e1}, Do(q,e1) = +oo, which
implies

Va € [n],Ms(¢,(A),e1) = inf (g,0,(A)) + Da(q,e1),

(e [STANN
= (e1,02(A)) + Do(e1, e1) = (e1,lz(A)),
=ly(a). (60)
The ®-mixability condition (6) is trivially satisfied in this case. Combining (59) and (60) shows that
¢ is ®-mixable. n

C.11. Proof of Theorem 16

The following Lemma gives necessary regularity conditions on the entropy ® under the assumptions
of Theorem 16.

Lemma 35 Let @ and ¢ be as in Theorem 16. Then the following holds
(i) d is strictly concave on int Ak
(ii) ®* is be continuously differentiable on R*~1.
(iii) ®* is twice differentiable on R¥~" and Vg € int Ay, HO*(VP(q)) = (HB(g)) !
(iv) For the Shannon entropy, we have (HS(g)) ™' = HS™(VS(q)) = diag G — 4q" .

Proof Since ¢ is ®-mixable and L, is twice differentiable on ]0, 4-o00[", P* is continously differ-
entiable on R"~! (Proposition 12). Therefore, P is strictly convex on ri Ay (Hiriart-Urruty and
Lemaréchal, 2001, Thm. E.4.1.2).

The differentiability of ® and ®* implies VO*(V®(§)) = ¢ (ibid.). Since d is twice dif-
ferentiable on int Ay, (by assumption), the latter equation implies that ®* is twice differentiable on
V& (int Ay). Using the chain rule, we get HO* (VP () )H® (u) = I.. Multiplying both sides of the
equation by (H<I>( )~ ! from the right gives the expression in (iii). Note that H<I>( ) is in fact invert-
ible on int Ay, since ® is strictly convex on int Aj. It remains to show that V®(int A;,) = RF-1,
This set equahty follows from 1) [q € 00*(s) = s € 09(q)] (ibid., Cor. E.1.4.4); 2)

dom &* = L. and 3) Vg € bd Ay, 8(1)( ) = () (Lemma 30). .
For the Shannon entropy, we have S” (v) = log((exp(v), 1;)+1) (Proposition 1) and VS(q) =
log L, for (v,§) € R*1 x Ay. Thus (HS()) ™" = HS™(VS(q)) = diag g — 44" |

To show Theorem 16, we analyze a particular parameterized curve defined in the next lemma.
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Lemma 36 Let(: A, — [0,+00]" bea proper loss whose Bayes risk L, is twice differentiable on
10, +00[", and let ® be an entropy such that ® and * are twice differentiable on int Ay and RF1,

respectively. For (p,q,V) € int A, x int Ay, x R”X’“ let B : R — R” be the curve defined by

Vo € [n],  Bu(t) = La(P) + " (VE(Q)) — & (VE(q) — I Lo(P")), (61)

where Pt = [ﬁlg +tV, pl ER™F andt € {s € R:Vj € [k], p+sV.; €int A,}. Then

B(0) = £(p),
B(0) = DI(p)V 4,
k—1
% <p,ﬂ'<t>> = > q;V.SHLy(B)V.; — tr(diag (p) DL(p)V (HE(§)) " (DL(B)V)T). (62)
t= j=1

Proof Since P! = [p1] +tV, p]
J];rf (PO) = Ok’ and thus 3,(0)

Rk PO = p1T and 0x(PY) = 0,(p)1). As a result,
=0, ):Z
that 5(0) = U(p). Let 7,(t) = V(g

€
(p) + ‘ii*(Y‘i)(‘j)) — ‘i)*(v‘i)( q) — (p). This shows
) — JT e, (P?). Forj € [k — 1],

dt -

d /- . o od e, da
=-= (Ex(p—i— tV.j) — &C(p)) , <smce afz(P i) aéz(p) = >
= —Dly(PL)V.,

From the definition of P?, 15-?]‘ = p, Vj € [k], and therefore, 4,(0) = —(DZ,(p)V)T. By
differentiating (3, in (61) and using the chain rule, 3,(t) = —(¥.(t))TV®*(7.(t)). By setting
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t=0,3:(0) = —(52(0)TV®*(V®(q)) = Dl,(p)Vq. Thus, 5(0) = DI(p)V . Furthermore,

n k—1
Lo sw)| = 55 p | DLV ) ||
t=0 rx=1 7j=1 =0
k—1 d n R .
= at <§:lmegx(P-,j)VJ[v(I) (’796@))]]) )
j=1 r= t=0
e i< DI(P! )V, > +zn: i, (V. LvE* (a(0))];
= p dt D i) Veidj o x:1p:c z\P) Ve dt Yz j o ,
k—1 n k-1
==Y GVIHL(B)V.; = > > pDl(B)V. ;[HE* (VE(G))];iDle(B)V.si,
j=1 r=1i=1
j=1
k—1
= =Y g V.JHL(P)V.; — tr(diag (p) DU(B)VHE* (VE(4))(DI(H)V)T),
j=1
k—1
==Y g V.JHL()V.; — tr(diag (p) DL(B)V (HE(§)) " (DL(B)V)T),
j=1

where in the third equality we used Lemma 25, in the fourth equality we used Lemma 28, and in the

sixth equality we used Lemma 35-(iii).
|

In next lemma, we state a necessary condition for ®-mixability in terms of the parameterized
curve 3 defined in Lemma 36.

Lemma 37 Let (, ®, and 3 be as in Lemma 36. If 3(p, 4, V) € int A, x int A, x RA¥F such that
the curve y(t) == {(p + tVq) satisfies %(p,ﬂ(t) - ’y(t)>‘ » < 0, then { is not ®—mixable. In
particular, AP € ri AF, such that Mg (£,(P), q)]le[n] lies outside SP.
Proof First note that for any triplet (p, ¢, V) € int A, xint AkaﬁXi“, the map ¢ — <p, B(t) — "y(t)>
is differentiable at 0. This follows from Lemmas 25 and 36. Let r(t) = II,(p + tVq) and
5(t) == (r(t), B(t) — y(t)). Then

8(6) = (1), B(8) = (1) ) + (Va@, B(E) = (1))
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Since ¢t — (p, B(t) —A(t)) is differentiable at 0, it follows from Lemma 25 that ¢ — §(t) is also
differentiable at 0, and thus

t=0
= ()] A0 =300)+ 4 (p.A0 -50)| (63)
= <JnV¢j,6(0) - 7(0)> + % p.B(t) — #(t)> .
d .
= @ (PO -30) <0 64

where (63) and (64) hold because (0 )= D€( p)V g = 4(0) (see Lemma 36). According to Taylor’s
theorem (see e.g. (Hardy, 2008, §151)), there exists € > 0 and h : [—¢, €] — R such that

V|t| < e, 6(t) = 6(0) + t6(0) + t;és'(o) + h(t)t?, (65)

and lim;_,o h(t) = 0. From Lemma 36, 5(0) = (0) = 0 and 3(0) = 4(0). Therefore, §(0) =
§(0) = 0 and (65) becomes (t) = £°5(0) + h(t)¢>. Due to (64) and the fact that lim_o h(t) = 0
we can choose €, > 0 small enough such that d(e,) = %5(0) + h(es)e2 < 0. This means that
(In(p + V@), 5(6*» < (P +eV@), l(p + Vq) = <Hn(ﬁ + eV @), (1L, (p + e*V(j)>.
Therefore, [3(e.) must lie outside the superprediction set. Thus, the mixability condition (6) does
not hold for P =TI, [ﬁlg + €.V, p| € ri AX. This completes the proof. |

Proof [Theorem 16] We will prove the contrapositive; suppose that 7,® —S is not convex on Ay, and
we show that ¢ cannot be ®-mixable. Note first that from Lemma 35-(iii), * is twice differentiable
on R*~! Thus Lemmas 36 and 37 apply. Let £ be a proper support loss of ¢ and suppose that
1¢® — S is not convex on Ay, This implies that 7,® — S is not convex on int A, and by Lemma 23
there exists G, € int Ay, such that 1 > @/\min(H&)(q*)(HS(tj*))*l). From this and the definition
of 7, there exists p. € int An such that

Muin(HE(@)(HS(@.) ) dun(HO(@) (g (@) — dal) oo

)‘maX([Hélog(ﬁ*)]flHLZ(ﬁ*)) )‘maX([HLlog(ﬁ*)]flHLZ(ﬁ*))

where the equality is due to Lemma 35-(iv). For the rest of this proof let (p,q) = (p*, ¢*). By
assumption, ie twice differentiable and concave on int A, and thus —HL L,(p) is symmetric pos-
itive semi-definite. Therefore, their exists a symmetric positive semi-definite matrix A, such that
ApAp = HLK( p). From Lemma 35-(i), P is strictly convex on int A}, and so there exists a sym-
metric positive definite matrix Kg4 such that KqKq = H<I>( 7). Let w € R"~! be the unit norm
eigenvector of [HLlog( p)]~ 1HLZ( p) associated w1th AL = Amax([HLyog ()] "HL,(P)). Suppose
that ¢y == w'HL L,(p)w = 0. Since w'A pApw = —¢; = 0, it follows from the positive semi-
definiteness of A, that Apw = 0j, and thus HL,(p)w = —ApApw = 0. This implies that
M = 0, which is not p0s51ble due to (66). Therefore, HL L,(p)w ;é 0 Furthermore, the negative
semi-definiteness of HL,(p) implies that

¢t =w HL,(p)w < 0. (67)
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Let v € R¥~! be the unit norm eigenvector of Kg(diag(q) — Gq") K4 associated with \? =
Amin(Kq(diag (§) — GG Kq) = Amin(H®(q)(diag (§) — GG")), where the equality is due to
Lemma 22. Let v := Kg4v.

We will show that for V' = w®', the parametrized curve 3 defined in Lemma 36 satisfies
%(p,ﬁ.( ) — (1)) o < 0, where y(t) = £(p + tV§). According to Lemma 37 this would
imply that there exists P € ri A¥, such that [Mg(£,(P), q)]lew lies outside S;”. From Theo-
rem 4, we know that there exists A, € A*, such that £,(A,) = £,(P),Yz € [n]. Therefore,
Mo (£ (As), q)]le[n] = [Mg (£, (P), q)}le[n] ¢ S, and thus £ is not ®-mixable.

From Lemma 36 (Equation 62) and the fact that V. ; = 0w, for j € [l;:], we can write

% <p75(t)>

k—1
= - Z ;03w HL,(p)w — tr(diag (p) DL(H)V (H®(q)) " (DL(B)V)T),

t=0
= (g% © 0) w HL,(P)w — (8 (HP(q))~'9)(p, [DI(p)w] ® [(DL(B)w]),

?)
where the second equality is obtained by noting that 1 0T (H®(q)) !
S (

) ( ") is a scalar quantity and
can be factorized out; and 2) tr(diag(p )DE( D) w ( ((p)yw)") = (p

?)
Di(p)w) © (DL(p)w)).
On the other hand, from Lemma 28, % (p, %/( —(q, f:>2wTHL€((j)w. Using (19) and
the definition of c;, we get

< (p.60)—4(1)

‘tO:

t=0

[
= —cq[® L(®T(Ho(q)) ")),
= —¢o[o" (diag (§) — GG )0 — MNo(v" Kq(K Kq) ' Kqv)]
= —ci[v" Kq(diag (§) — GG ) Kqv — X, (68)
= —cg[A? = N,
[

=& )\mln(H(I)( )(dlag ((j) - QNQT)) - )‘max(HLé( )(HLlog( )) 1)]7

where in (68) we used the fact that v v = 1. The last equality combined with (66) and (67) shows
that 4 (p, B(t) — (1)) o < 0, which completes the proof. [ |

C.12. Proof of Corollary 18

Proof From Corollary 17, £ is ®,-mixable if and only if 1,®, — S = n*1@¢ — Sis convex on Ay.
When this is the case, Lemma 23 implies that

1<n e inf  Apin[H®(9)[HS(G)] 1)), (69)
ge€int Ay

where we used the facts that H(n_lﬂi)) = n_lﬂH(i), Amin(+) is linear, and ™', is independent

of ¢ € int Ay, Inequality 69 shows that the largest 1) such that ¢ is ®,-mixable is given by 772I> in
(16). |
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C.13. Proof of Theorem 19

Proof Suppose ¢ is ®-mixable. Then from Corollary 17, n,® — S is convex on Ay, and thus
ne = 77? > (0 (Corollary 18). Furthermore, @@ —-S= [@CD — S] o Iy, is convex on int Ak, since II;
is an affine function. It follows from Lemma 23 and Corollary 18 that
ng =n¢ inf Apin(H®(@)(HS(g))™!) > 1> 0.
geEint Ay
Let p € ri Ay and 6, := argmaxy Dg(eg, p). By definition of an entropy and the fact that the
directional derivatives ®'(g; -) and S'(u; -) are finite on Ay, (Hiriart-Urruty and Lemaréchal, 2001,

Prop. D.1.1.2), it holds that D¢ (eg,, pt), Ds(eg, , i) €]0, +oc[. Therefore, there exists o > 0 such
that a1 Dg(eq,, ) = Ds(eg,, ). If we let ¥ := a1, we get

D\I/(ee*7l“l‘) = DS(60*7IJ‘)' (70)

Let dy(d) == #(@) — U(2) — (G — f3, VI(@)). Observe that dy (@) = W(q) — W(u) —
(@ — p, V¥ (u)) = Dy(q,pn). We define dg similarly. Suppose that 5/ > 17 = .. Then,
from Corollary 18, ¥q € int Ay, Amin(H¥(G)(HS(¢))~!) > 1. This implies that Vg € int Ay,
Amin(Hdw () (Hds(q))~') > 1, and from Lemma 23, dy — ds must be strictly convex on int Ay.
We also have Vdy(ft) — Vds(ft) = 0 and dy(ft) — ds(ft) = 0. Therefore, dy — dg attains a
strict minimum at £ (ibid., Thm. D.2.2.1); that is, dy(q) > ds(q), Vq € Ay, \ {ft}. In particular,
for g = Il;(ep, ), we get Dy(ep,, ) = dw(q) > ds(q) = Ds(ey,, p), which contradicts (70).
Therefore, 1721’ < 77?, and thus

R} (p) = maxg Ds(eq, p)/n = Ds(eq,, )/},

< Dy(eg.,p)/n; . (71)
< maxy Dy (e, pt) /0,
= RY (w), (72)

where (71) is due to Dy (ep,, ) = Ds(eq,, p) and nf < n7. Equation 72, implies that RS (p) <
R (p), since R} (1) = R¢®(p) = RY (p) (Reid et al., 2015). Therefore,

Vi € riAg, RP(u) < RY(u). (73)

It remains to consider the case where g is in the relative boundary of Ag. Let o € rbd Ay.
There exists Zy C [k] such that p € Ag,. Let * € [k] \ Zp and Z = Zy U {6*}. It holds that

p € rbd Az and p + 27 (e — p) € ri Az. Since £ is ®-mixable, it follows from Proposition 11
and the 1-homogeneity of ®’(g;-) (Hiriart-Urruty and Lemaréchal, 2001, Prop. D.1.1.2) that

O (s e — p) = 20" (5 [+ 27 (e — p)] — p) = —o0.

Hence,
R () = maxpepy Do (eq, 1),
> Do (eg-, ) = P(egr) — ©(p) — ' (p; €9+ — p) = +o0. 74
Inequality 74 also applies to S, since £ is (@_1 S)-mixable. From (74) and (73), we conclude that
Vi € Ak, RP(n) < RE (). [ |
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Appendix D. Legendre ¢, but no -mixable ¢

In this appendix, we construct a Legendre type entropy (Rockafellar, 1997) for which there are no
®-mixable losses satisfying a weak condition (see below).

Let ¢ : A — [0,400]" be a loss satisfying condition I. According to Alexandrov’s Theorem,
a concave function is twice differentiable almost everywhere (see e.g. (Borwein et al., 2010, Thm.
6.7)). Now we give a version of Theorem 16 which does not assume the twice differentiability of
the Bayes risk. The proof is almost identical to that of Theorem 16 with only minor modifications.

Theorem 38 Let &: R* — RU {+0o0} be an entropy such that P is twice differentiable on int Ap,
and £: A — [0, +00]™ a loss satisfying Condition I and such that 3(p,v) € D x R HL,(p)v #
05, where D C int A, is a set of Lebesgue measure 1 where L, is twice differentiable, and define

net = inlf)()‘max({Hilog(ﬁ)]_lHLé(ﬁ)))_l' (75)
pe

Then { is ®-mixable only if ny*® — S is convex on Ay,

The new condition on the Bayes risk is much weaker than requiring L, to be twice differentiability
on |0, +oo[™. In the next example, we will show that there exists a Legendre type entropy for which
there are no ®-mixable losses satisfying the condition of Theorem 38.

Example 39 Let ® : R2 — R U {400} be an entropy such that

Vg €]0,1], ®(g,1—q) = () = /1; log (bgl(olg;t)> dt.

d is differentiable and strictly convex on the open set (0,1). Furthermore, it satisfies (8) which
makes it a function of Legendre type (Rockafellar, 1997, Lem. 26.2). In fact, (8) is satisfied due to

d ~ B log(1 — q)
‘dq@@‘ B ’10g< log g
d? - -1 1

7(1)(] — + —
dg? (@) qlogg (1 —gq)log(l—q)

3 +oo, where b € {0, 1},

>0, VYq €]0,1].

The Shannon entropy on Ag is defined by S(q,1 — q) = S(q) = qlogq + (1 — q)log(1 — q), for
ol
q €]0, 1[. Thus, dd?S(q) = ﬁ.
Suppose now that there exists a ®-mixable loss {: A — [0, +00]™ satisfying condition I and
such that 3(p,v) € D x R* HL,(p)v # Oj. Let ne* be as in (75). By definition, we have
n¢* < +00, and thus

d? . d? - -1 q—1 —q q—b
* [dq2 (Q)} [quS(Q)] & <logq +log(1—q)) -0 76)

]TL

where b € {0,1}. From Lemma 23, (76) implies that ny*® — S is not convex on Ay, which is a
contradiction according to Theorem 38.
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Appendix E. Loss Surface and Superprediction Set

In this appendix, we derive an expression for the curvature of the image of a proper loss function.
We will need the following lemma.

Lemma 40 Leto : [0, +oo["— R be a I-homogeneous, twice differentiable function on |0, +oo[™.
Then o is concave on |0, +oo[™ if and only if & = o o I1,, is concave on int A,,.

Proof The forward implication is immediate; if o is concave on |0, +oo[”, then o o I, is concave
on int Ak, since LI}, is an affine function.

Now assume that & is concave on int Ag. Let A € [0,1] and (p, q) € [0, +00[" %[0, +-00[". We
need to show that

Ao(p) + (1= AN)a(q) <a(Ap+ (1 - N)q). (77)

Note that if p = 0 or ¢ = 0, (77) is trivially with equality due to the 1-homogeneity of o. Now
assume that p and g are non-zero and let ¢ := X ||p||; + (1 — X)||q||;. For convenience, we also
denote p1 = p/ ||p||; and g1 = g/ ||q||; which are both in A,,. It follows that

po(p) + (1= Nota) =Mt (M2hoipn) 1 1 [ io(qy)),

. (x”p{)”l&(m) b1 A)”q”lé(ql)> ,

C

S cF <>\‘I;‘1151 + (1 . )\) ’qCHIq'“l) ,

C C
=o(Ap+(1-XNg),

where the first and last equalities are due the 1-homogeneity of o and the inequality is due to &
being concave on the int A,,. |

E.1. Curvature of the Loss Surface

The normal curvature of a n-manifold S (Thorpe, 1994) at a point » € & in the direction of
w € T,.S, where T..S is the tangent space of S at r € S, is defined by

{(w, DN® (r)w)

k(r,w) = T w)

; (78)
where N (7) is the normal vector to the surface at 7. The minimum principal curvature of S at 7 is
expressed as £(r) = inf{x(r,w) : w € T,,S N B(r,1)}.

In the next theorem, we establish a direct link between the curvature of a loss surface and the
Hessian of the loss’ Bayes risk.

Theorem 41 Let ¢: 1riA, — [0,400[" be a loss whose Bayes risk is twice differentiable and
strictly concave on |0, +oco[™ Let p € ri Ay, Xy = I, — p1}, and w € Tj5ySe- Then
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1. 3v € R such that DI(p)v = w.

2. Sy is a n-manifold.

3. The normal curvature of Sy at £(p) = £(P) in the direction w is given by

-1

G H ] —HL,( ))5‘ , (79)

where u = (—HLy(p))7v/||(~HL(B))? v].

It becomes clear from (79) that smaller eigenvalues of —HL,(p) will tend to make the loss surface
more curved at £(p), and vice versa.
Before proving Theorem 41, we first define parameterizations on manifolds.

Definition 42 (Local and Global Parameterization) Let S C R" be a n-manifold and U an open
set in R™. The map ¢ : U — S is called a local parameterization of S if Dp(u) : R — Tp(u)S is
injective for all w € U, where T, (,,)S is the tangent space of S at p(u) € S. ¢ is called a global
parameterization of S if it is, additionally, onto.

Let ¢ be a global parameterization of S and N¥ := N° o ¢. By a direct application of the chain
rule, (78) can be written as

(w, DN?(u)v)

(w, w) (80)

rp(u), w) =
where v is such that Dp(u)v = w. The existence of such a v is guaranteed by the fact that Dy is
injective and dim R" = dim T,(,)S = 7.
Proof [Theorem 41] First we show that Sy is a i-manifold. Consider the map /:int An — Sy and
note that int A, is trivially a n-manifold. Due to the strict concavity of the Bayes risk, lis injective
(van Erven et al., 2012) and from Lemmas 27 and 40, Dg(ﬁ) : R — Tg(ﬁ)Sg is also injective.

Therefore, ¢ is an immersion (Robbin and Salamon, 2011). ¢ is also proper in the sense that the
preimage of every compact subset of Sy is compact. Therefore, lisa proper injective immersion,
and thus it is an embedding from the n-manifold int A to Sy (ibid.). Hence, Sy is a manifold.
Now we prove (79). The map lis a global parameterization of S;. In fact, from Lemma
27, DU(p) has rank 7, for all p € int A, which implies that D/(p) is onto from R™ to Ty Se-

Therefore, given w € T; Z(ﬁ)Sg, there exists v € R” such that w = Dé( p)v. Furthermore, Lemma

27 implies that N¢ (p) = p, since (p, DI(p)) = O1. Substituting N’ into (80) yields
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re(0(p), w) = "

— . (81)

oTHL,(5) [X]. —p] [X”T} HL, ()

Setting u = (—HLg(ﬁ))%v/H(—HLg(ﬁ))%vH in (81) gives the desired result. [ |

Appendix F. Classical Mixability

In this appendix, we provide a more concise proof of the necessary and sufficient conditions for the
convexity of the superprediction set (van Erven et al., 2012).

Theorem 43 Let (: A, — [0, +oo[" be a strictly proper loss whose Bayes risk is twice differen-
tiable on |0, 4+00[". The following points are equivalent;

(i) VP € int Ay, gHL(B) = HLiog(P)-
(ii) e = Npea, Hrp),1 N0, +oo[", where T(p) == p © et(p),
(iii) 67775? is convex.

Proof We already showed (i) = (ii) = (iii) in the proof of Theorem 7.

We now show (iii) = (i). Since e s convex, any point s € bd eS¢ s supported
by a hyperplane (Hiriart-Urruty and Lemaréchal, 2001, Lem. A.4.2.1). Since u — e "™ is a
homeomorphism, it maps boundaries to boundaries. From this and Lemma 33, bd e = et
Thus, for p € ri A, there exists a unit-norm vector « € R™ such that for all s € 859 it either holds
that (u, e "P)) < (u, e "8); or (u, e ™P)) > (u, e "%). It is easy to see that it is the latter case
that holds, since we can choose s = (1) + c1 € S, for r € A, and make (u, e~"*) arbitrarily
small by making ¢ € R large. Therefore, Vr € ri A, (u, e‘”g(ﬁ)> = (u, e MP)) > (y, e 1)) =
(u, 6_77‘7(7:)> and p is a critical point of the function f(7) := (u, e‘"g(’;» on int A,,. This implies
that V f(p) = Oz that is, —n{u, diag(e-"“®)DI(p)) = —n(diag(e-"®))u, Di(p)) = 0. From
Lemma 27, there exists A € R such that diag(e‘”g(ﬁ))u = Ap. Therefore, u = A\p © e"g(ﬁ), where
A=|p® e”g(ﬁ)H_l, since ||u|| = 1. Forv € R" !, let & = p + tv, where t € {s: p + sv €
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int A,,}. Since f is twice differentiable and attains a maximum at p,

1 d° 1 d
> = % roat - nl(a')py,
O_)ﬂ7 = foa i =% <ud1age {(&h)v >t0,
d d ~
el né(p) né(at) il Al
== <p®e ,diage™ DE( D) v >t 0+ o <p,Df(Oz )’U> o
= 10 HL(p)(HLyog (P)) " 'HL,(P)v — v "HLy(P)v, (82)

where in the second equality we substituted w by Ap® e"(P) and in (82) we used (19) and (20) from
Lemma 28. Note that by the assumptions on ¢ it follows that the Bayes risk Lg is strictly concave
(van Erven et al., 2012, Lemma 6) and Hf/g( p) is symmetric negative-definite. In particular,
HL,(p) is invertible. Setting & := HL,(p)v in (82) yields

0 > & (HLyy (P)) ' — #(HL,(p)) 0.

Since v € R"~! was chosen arbitrarily, (HL,(§))~! = n(HLy,(5)) ",V € int A,. This is
equivalent to the condition Vp € int A,,, nHL,(p) = Hilog (D). [ |
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